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Zusammenfassung 



Wir untersuchen Feldtheorien auf dem nichtkommutativen Minkowskiraum mit nicht- 
kommutierender Zeit. Das Hauptaugenmerk liegt dabei auf Dispersionsrelationen in 
quantisierten wechselwirkenden Modellen im Yang-Feldman-Formalismus. Insbesondere 
berechnen wir die Zwei-Punkt-Korrelationsfunktion der Feldstarke in der nichtkom- 
mutativen Quantenelektrodynamik in zweiter Ordnung. Hierbei beriicksichtigen wir die 
kovarianten Koordinaten zur Konstruktion lokaler eichinvarianter Grofien (Observablen). 
Es stellt sich heraus, dass dies die bekannten schwerwiegenden Infrarot-Probleme nicht 
behebt, wie man hatte hoffen konnen, sondern im Gegenteil noch verschlimmert, da 
nichtlokale Divergenzen auftreten. Wir zeigen audi, dass diese Divergenzen in einer 
supersymmetrischen Version der Theorie wegfallen, wenn die kovarianten Koordinaten 
entsprechend angepasst werden. 

Dariiber hinaus untersuchen wir das 3 - und das Wess-Zumino-Modell und zeigen, 
dass die Verzerrung der Dispersionrelation moderat ist fur Parameter die typisch fur 
das Higgs-Feld sind. Wir diskutieren auch die Formulierung von Eichtheorien auf nicht- 
kommutativen Raumen und betrachten klassische Elektrodynamik auf dem nichtkom- 
mutativen Minkowskiraum unter Verwendung kovarianter Koordinaten. Insbesondere 
berechnen wir die Anderung der Lichtgeschwindigkeit durch nichtlineare Effekte bei An- 
wesenheit eines Hintergrundfeldes. Schliesslich untersuchen wir den sogenannten Twist- 
Ansatz fur Quantenfeldtheorien auf dem nichtkommutativen Minkowskiraum und weisen 
auf einige konzeptionelle Probleme dieses Ansatzes hin. 

Abstract 

We study field theories on the noncommutative Minkowski space with noncommuting 
time. The focus lies on dispersion relations in quantized interacting models in the Yang- 
Feldman formalism. In particular, we compute the two-point correlation function of the 
field strength in noncommutative quantum electrodynamics to second order. At this, we 
take into account the covariant coordinates that allow the construction of local gauge 
invariant quantities (observables) . It turns out that this does not remove the well-known 
severe infrared problem, as one might have hoped. Instead, things become worse, since 
nonlocal divergences appear. We also show that these cancel in a supersymmetric version 
of the theory if the covariant coordinates are adjusted accordingly. 

Furthermore, we study the (f) 3 and the Wess-Zumino model and show that the dis- 
tortion of the dispersion relations is moderate for parameters typical for the Higgs field. 
We also disuss the formulation of gauge theories on noncommutative spaces and study 
classical electrodynamics on the noncommutative Minkowski space using covariant co- 
ordinates. In particular, we compute the change of the speed of light due to nonlinear 
effects in the presence of a background field. Finally, we examine the so-called twist 
approach to quantum field theory on the noncommutative Minkowski space and point 
out some conceptual problems of this approach. 
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1. Introduction 



In recent years, the study of noncommutative spacetimes has attracted a lot of attention 
among theoretical physicists. The earliest such model was introduced already 60 years 
ago by Snyder [122j . The main motivation was to cure the bad ultraviolet behavior of 
quantum field theories. However, because of the success of renormalization techniques, 
it was soon forgotten. 

In the 1990s, Connes and Lott showed that the standard model of elementary particle 
physics, in particular the Higgs sector, can be naturally described in the setting of 
noncommutative geometry [33]. However, these models were almost commutative in the 
sense that one replaced functions on spacetime by matrix-valued functions. 

Another approach, due to Doplicher, Fredenhagen and Roberts [17], is to discuss the 
operational meaning of events in spacetime. Taking quantum field theory and general 
relativity as a starting point, one can do the following Gedanken experiment: Suppose we 
want to measure the coordinates of an event with very high precision. Because of Heisen- 
bergs uncertainty relation, we have to concentrate a high amount of energy-momentum 
in the corresponding spacetime region. Assuming general relativity to be correct on such 
small scales, this will create a black hole if the typical spatial extension of the region 
is the Planck length Xp. But this will prevent us from capturing any signal from that 
region. In this sense, the usual description of spacetime loses its operational meaning at 
the Planck scale. However, a more refined analysis shows that the measurement of a sin- 
gle coordinate is not restricted. Instead, the following space-time uncertainty relations 
were found [17] : 



i<j 

A natural way to implement such uncertainty relations is to introduce noncommuting 
coordinates q^: 



As shown in [47], the space-time uncertainty relations (ll.lal b) are fulfilled if the com- 
mutator Q^ u fulfills the so-called quantum conditions 






(Lib) 



(1.2) 



QfivQ^ 1 — o, 



(1.3a) 




(1.3b) 
(1.3c) 



[q fl ,Q Xp ]=0. 
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1. Introduction 

Since the commutator transforms as a tensor, these conditions are invariant under the 
full Lorentz group. 

Another motivation for the study of noncommutative spaces comes from string theory. 
As was shown in |44j . noncommutative tori appear naturally in compactifications of 
matrix theories. In [4CH [L16J it was proven that the coordinates of the endpoints of 
an open string, confined to lie on a worldvolume D-brane, become noncommutative 
upon switching on a background -B-field perpendicular to that brane. This was further 
elaborated in |118j . In particular, it was shown that in a certain limit the string theory 
reduces to field (gauge) theory on a noncommutative spacetime. The noncommutativity 
found in these models is of the form (|1.2p . with Q replaced by an antisymmetric matrix 
8. Obviously, the introduction of a background field breaks Lorentz invariance. 

Having a noncommutative spacetime, it is natural to study dynamics on it, i.e., to do 
(quantum) field theory on it. One hope was that the fuzzyness of noncommutative spaces 
regularizes the ultraviolet divergences inherent in quantum field theory. While this was 
shown to be the case for some compact noncommutative spacetimes (see, e.g., |32j), this 
hope was not fulfilled in general, in particular not on the noncommutative Minkowski 
space with central commutator [q^,q v ] = ia^ u . It was proven by Filk [57], that only 
a subclass of the graphs, the so-called nonplanar graphs, are regularized. It was later 
shown in [99j that these graphs lead to a strange phenomenon called UV/IR-mixing: 
In the nonplanar graphs the external momentum serves as a regulator. Thus, in the 
limit of vanishing external momentum, one recovers a divergence. In this sense a UV- 
divergence has been converted into an IR-divergence. This effect is not only a threat to 
renormalizability, but can also lead to severe distortions of the dispersion relations [97j . 

These studies, however, used the set of modified Feynman rules proposed in [57]. While 
these can be derived formally in a Euclidean path integral formalism, the connection to 
the Lorentzian signature is unclear in the case of space/time noncommutativity a 0t ^ 0. 
In fact it was shown in [64J that in this case the modified Feynman rules lead to a 
violation of unitarity. This was often taken as an argument to study only space/space 
noncommutativity a = 00 However, for the space-time uncertainty relation (jl.lap it 
is of course crucial to have a 0t ^ 0. Furthermore, it has been shown in [8] that the 
violation of unitarity is due to an inappropriate time-ordering and does not occur if one 
uses the Hamiltonian or Yang-Feldman formalism. 

It turns out that also in these formalisms a crucial effect of the noncommutativity is the 
distortion of dispersion relations in interacting models. This thesis is mainly concerned 
with the investigation of this effect for various models in the Yang-Feldman formalism. 
It was shown in [11] that in the <^> 4 model the distortion affects mainly the infrared and is 
so strong that realistic dispersion relations require a mass close to the noncommutativity 
scale. Here we will show that in the eft 3 and the Wess-Zumino model the deviations are 
moderate (at the %-level) for parameters typical for the Higgs field. The reason is that 
these models are only logarithmically divergent. But since the dispersion relation of 



This argument was supported by the fact that a field theory on a spacetime with space/time non- 
commutativity can not be obtained as a limit of string theory in the presence of a background 
electromagnetic field [1201 165] , contrary to the case of space/space noncommutativity. 
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the photon is known very accurately and the formulation of electrodynamics is highly 
constraint by the gauge principle, quantum electrodynamics is the ultimate testbed for 
quantum field theory on the noncommutative Minkowski space (NCQFT). 

As a consequence of the noncommutativity, pure electrodynamics on the noncommu- 
tative Minkowski space is self-interacting. There are two main approaches to treat this 
model (and other gauge theories). In the approach via the Seiberg-Witten map [118J, 
fields and interactions are expanded in a formal power series in the commutator a. At 
each finite order in a, the theory is local, and can be treated as field theory on the 
ordinary Minkowski space. 

In the unexpanded approach, one treats the model as other noncommutative field 
theories and has to cope with the problems mentioned above. However, there is an 
additional difficulty to define local gauge invariant quantities, i.e., observables. This can 
be done using covariant coordinates [92J. 

The self-interaction of pure electrodynamics on the noncommutative Minkowski space 
leads to a change of the dispersion relation in the presence of a background electromag- 
netic field, already at the classical level. We will investigate this effect in the formalism 
of covariant coordinates. It turns out that one obtains the same result as in the ap- 
proach via the Seiberg-Witten map. However, the effect seems to be far too small to be 
measurable. 

For the quantum theory (NCQED) it was shown in [131 J that in the Seiberg-Witten 
approach the model is not renormalizable, already at first order in a. In the unexpanded 
approach, on the other hand, the self-interaction leads to a quadratically IR-divergent 
photon self-energy [77]. The resulting distortion of the dispersion relation is so strong 
that the model is ruled out. However, this calculation has two shortcomings. It was 
done with the modified Feynman rules and is thus not valid for the case of space/time 
noncommutativity. Furthermore, it was not dealing with gauge invariant quantities, 
since the covariant coordinates were not used. It is conceivable that these cure the bad 
infrared behaviour indicated above. One of the main goals of this thesis is to check this. 
Unfortunately, it turns out that the opposite is true: The covariant coordinates bring in 
even more dangerous terms, in particular nonlocal divergences. 

It is well known that the quadratic infrared divergences mentioned above disappear in 
a supersymmetrized version of the model, at least in the setting of the modified Feynman 
rules. We will show that this is also true in the Yang-Feldman formalism. Furthermore, 
we show that if one uses covariant coordinates for observables that are invariant under 
supersymmetry transformations, (most of) the nonlocal divergences from the covariant 
coordinates are cancelled, too. 

A distortion of the dispersion relation is also a threat to Lorentz invariance. Follow- 
ing [421 [2Tj we distinguish observer and particle Lorentz transformations. The latter 
correspond to the observation of particles with different momenta in the same reference 
frame. The distortion of the dispersion relations due to quantum effects shows that 
particle Lorentz invariance is broken. Observer Lorentz transformations, on the other 
hand, correspond to a change of the reference frame. There, one also has to transform 
any background fields, in the present case the spacetime commutator Q^ u (or the matrix 
6^ v in the string inspired models). Invariance under these transformations is not broken. 
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1. Introduction 

However, in the case of a matrix B^ v as commutator, one would then have to live with 
the fact that it takes different values for different observers. As a way to avoid this, it has 
been proposed to twist the coproduct of the Poincare group such that 9 stays constant. 
This so-called twist approach has become quite popular recently, see, e.g., [6j[U[36]. In 
particular, there have been claims about the absence of UV/IR-mixing and a violation 
of Pauli's principle in this setting [171 118]. We will also critically review this approach. 

This thesis is organized as follows: In Chapter we introduce the mathematical 
description of the noncommutative Minkowski space. We also review some aspects of 
classical field theory on it and discuss the different approaches towards quantization. 
In Chapter [3J we discuss how to embed twisted NCQFT into a general framework for 
the quantization of systems with twisted symmetries. We point out some conceptual 
difficulties of this approach and in particular comment on claims about the violation of 
the Pauli principle and the absence of UV/IR-mixing in this setting. In Chapter HJ we 
review the different approaches to formulate gauge theories on noncommutative spaces. 
We also study classical electrodynamics on the noncommutative Minkowski space in the 
unexpanded approach. Chapter [5] deals with NCQFT in the Yang-Feldman formalism. 
We discuss the adiabatic limit and how to compute the distortion of the dispersion 
relations in interacting models in this approach. With these tools, we treat the 3 and 
Wess-Zumino model at the one-loop level and show that the distortion of the dispersion 
relation is moderate. In Chapter El we study NCQED in the Yang-Feldman approach 
at second order. We show that the quadratic infrared divergences known from the 
treatment with the modified Feynman rules also show up in this approach. We interpret 
them in a new way by proving that they require nonlocal counterterms. We also show 
that the covariant coordinates bring in new nonlocal divergences. In Chapter [7J we 
investigate whether in a supersymmetrized version of NCQED the nonlocal divergences 
are absent. We show that this is indeed the case if one uses covariant coordinates for 
observables that are invariant under supersymmetry transformations. The only effect of 
the noncommutativity is then a momentum-dependent field strength renormalization. 
It can be interpreted as giving rise to acausal effects. We conclude with a summary and 
an outlook. 
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2. The noncommutative Minkowski space 
and field theory 



This chapter provides an introduction to the mathematical description of the noncom- 
mutative Minkowski space. Furthermore, we review aspects of classical field theory 
on the noncommutative Minkowski space and discuss the different approaches towards 
quantization. We start with a very brief review of the framework of noncommutative 
geometry. 

2.1. Noncommutative Geometry 

One of the cornerstones of noncommutative geometry is the Gelfand-Naimark theorem. 
For a (locally) compact Hausdorff space X, the algebra Cq(X) of continuous functions 
(vanishing at infinity), equipped with pointwise multiplication as product, the usual 
involution and the supremum norm, is a (non-) unital commutative C*-algebra. On the 
other hand, the theorem of Gelfand and Naimark (cf., e.g., [671 Thm. 1.4]) states that 
for each (non-) unital, commutative C*-algebra A there is a (locally) compact Hausdorff 
space Xji such that A is isomorphic to Co (Xj\) . 

It is thus natural to interpret the elements of a (non-) unital, noncommutative C*- 
algebra A as "functions" (vanishing at infinity) on a noncommutative space. This idea 
proved to be very fruitful and was the starting point for the field of noncommutative 
geometry. We will see in the next chapter how the Serre-Swan theorem motivates the 
definition of vector bundles over noncommutative spaces. The spectral triples introduced 
by Connes [33] also allow the definition of a metric on noncommutative spaces. How- 
ever, this only works for compact and riemannian spaces. Obviously, both restrictions 
are problematic if one wants to construct a realistic field theory. There are promising 
attempts to overcome these restrictions |10H 1107] . We will not pursue them here and 
introduce the metric on the noncommutative Minkowski space in a rather ad hoc way. 

2.2. The noncommutative Minkowski space £ 

Now we want to describe the noncommutative Minkowski space introduced in [17] in more 
detail. In particular, in view of the discussion in the previous section, it is desirable to 
introduce a C*-algebra £ to which the coordinates are affiliatecQ- 

1 From the commutation relations it follows that the coordinates are unbounded, thus, they can not 
be elements of £. However, they will be affiliated to £ in the sense explained in [471 App. A]. 
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2. The noncommutative Minkowski space and field theory 



We start by looking at the joint spectrum £ of the commutators Q^ v . Since the 
commutators are central, cf. (|1.3cp . elements a G £ are real antisymmetric matrices. 
Expressing these in the usual way by their "electric" and "magnetic" parts e and m, 
the quantum conditions (ll.3ap and (ll.3bj) can be written as 

I |2 I 1 2 n 

e — m = (J, 



e • m = ±A 



lie • 



Here we replaced the Planck length by a length scale A nc . It is easy to see that all such 
matrices can be reached from 

*o = AL(5 "o 1 ) (2.1) 



by proper orthochronous Lorentz transformation and the parity operator. The matrix 
do is, up to the scale \ nc , just the symplectic matrix for an ordinary point particle in two 
spatial dimensions. It is thus natural to proceed as in quantum mechanics and require, 
instead of (II. 2p . the Weyl relation 

£ ikq e ipq _ & i(k+p)q & - %kQp ^ ^2.2) 

where we used the notation kQp = kJQ^Pv One can now proceed to define functions 
of the coordinates Q^ h ' . Let f(cr,x) be such that a t— > f(a, •) is a continuous map, 
vanishing at infinity, from E to ^ r (L 1 (IR 4 )). Here J- denotes Fourier transformation. 
Then we define 

f(Q,q) = (27r)- 2 J d 4 fc f(Q,k)e ik «. 

Here f(cr, ■) is the inverse Fourier transform of f(cr, ■). The function /(cr, x) is also called 
the Weyl symbol of f(Q,q)- Using (12. 2p . the multiplication of two such "functions" is 
given by 

f(Q,q)h(Q,q) = (fx^h)(Q,q) 
where the hat denotes Fourier transformation and 

(fx a h)(a,k) = (2Tr)- 2 J d 4 l f(a,l)h(a,k-l)e^ 1 . (2.3) 

The product x a is called the twisted convolution. Defining an involution and a norm by 

f(c-,q)* = f(a,q), 

11/11 = SUp 1 1 /(CT, •) 1 1 L i , 

one obtains a Banach *-algebra £o- One can now show [471 Thm. 4.1.] that there is a 
unique C*-norm on £o- The completion of £o i n this norm is called £ and is isomorphic 
to Co(S,/C), where /C is the algebra of compact operators. 

The action r of the Poincare group on functions of the noncommutative coordinates 
is defined by 

(r (0j A)/)(a,g) = /(A _1 crA _1T , A _1 (q - a)). (2.4) 
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2.2. The noncommutative Minkowski space £ 

The set I a = {/ e £|/(cr) = 0} is a closed two-sided ideal in £. Thus, the quotient 
algebra 8, a = S./I a is also a C*-algebra [26l Prop. 2.2.19]. It is isomorphic to fC and 
can also be obtained by a C*-completion of the algebra J r (L 1 (M 4 )) using the Fourier 
transform of the twisted convolution x CT as the product. This algebra, upon replacing a 
by 6, describes the noncommutative Minkowski space arising in string theory. 

Since the product is point-wise in E and we do not introduce any kinetic term involving 
derivatives in S, the dynamics of fields does not take place in S. For the purpose of 
field theory, it is thus sufficient to work at a fixed a, since results obtained there can be 
easily carried over to the whole of X using (|2,4p Pl As already noted, do is the symplectic 
matrix of a point particle in two dimensions. Thus, because of von Neumann's uniqueness 
theorem, all finite dimensional irreducible representations of £ CT0 are isomorphic to the 
Schrodinger representation 

7r(q°)=P 1 , n(q l )=P 2 , ir(q 2 )=Q 1 , vr(g 3 ) = Q 2 . (2.5) 

Here Pi and Qi are the usual momentum and position operators in two dimensions. 

Although it is nice, in particular to make contact with the framework of noncom- 
mutative geometry, to have a C*-algebra at our disposal, it is sometimes advantageous 
to use two other algebras. We introduce them here for a = o"o, but it is possible to 
do this for other ex's and glue these together to get an analog of £. In the represen- 
tation (12. 5p . the coordinates are represented as continuous operators on the Schwartz 
space iS(M 2 ). It is thus natural to consider the algebra C(S(M?)) of continuous operators 
on 5(M 2 ). Using the standard L 2 (M. 2 ) scalar product, one can define an adjoint. Then 
M = C(S(M. 2 )) n £(5(IR 2 ))* is a *-algebra. It can be equipped with a locally convex 
topology, in which it is complete. Details can be found in [661 1133] . This algebra has 
the advantage of containing the coordinates and plane waves. It has been used in [133] 
as the algebra of classical fields. 

Furthermore, one can consider the algebra of continuous operators on 5(M 2 ) whose 
integral kernel is in tS(M 4 ). In fact these are in one-to-one correspondence with the 
elements of E, ao whose Weyl symbols are Schwartz functions [66J. We call this algebra 
S 2 - It is a dense *-ideal of A4 and can be equipped with a locally convex topology. 
Again, details can be found in [66 | 1133] . 

Finally, we note that for analytic functions / and h, the Fourier transform of the 
twisted convolution is given by the Moyal ^-product: 

f* a h = fTji = ^ o e ^ X " 9 ^)(f ® h). (2.6) 

Here \i stands for the pointwise product of the two tensor factors. Sometimes the restric- 
tion to analytic functions is dropped and the formula is interpreted as a formal power 
series in a. This is of course in the spirit of deformation quantization |20j . 

2 Note, however, that in the Hamiltonian approach to NCQFT, which is discussed in the next section, 
the situation is different. 
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2. The noncommutative Minkowski space and field theory 



2.2.1. Calculus on £ 

Given the action (|2.4p of the Poincare group, it is natural to define partial derivatives 
of functions of the noncommutative coordinates by 



d_ 
di 



d " ^ T (te M ,l)- 



This is not well-defined on all elements of £. However, it is well-defined on 52 and A4, 
and it is easy to see that 

d f if(Q,q) = (d fl f)(Q,q) 
holds. Furthermore, because of the commutation relation (11.21). it can be written as 



d fl f(a,q) = -ia^[q v J(a,q)}. (2.7) 
One can also define an "integral" for functions of the noncommutative coordinates: 

\2 i 



d\ f(q) = (2tt)V(0). (2.8) 

This is well-defined on 52, but not on all elements of £0- and A4. It is easy to check that 
this map is cyclic, i.e., a trace, and positive. Furthermore, using (12. 3D . it is straightfor- 
ward to show that 

' d 4 q f(q)h(q) = I d 4 x f(x)h(x) (2.9) 



holds for f,h£ 5(M 4 ). If we consider elements of the full algebra, i.e., functions that 
depend also on a £ E, the integral is a map to the continuous functions on E. Finally, 
it possible to define a "spatial integral" at fixed time t: 

[ d 3 q f(q) = 2tt / dk f((k , 0))e ifc °'. (2.10) 

Jq°=t J 

This map is well-defined on 52 and positive, but not cyclic. On the full algebra, also 
this integral is a map to the continuous functions on E. 



2.2.2. Noncommutative superspace 

Since we will investigate supersymmetric models in this thesis, we introduce the super- 
symmetric noncommutative Minkowski space. The easiest way to introduce supersym- 
metry is to add the usual anticommuting coordinates 9 a and 9 a and postulate the (anti-) 
commutation relations 

{0« 0?} = {9 & , 9 a } = {9«, 9?} = 0, (2.11a) 
[ g M 9 a ] = [q», 9 & ] = 0. (2.11b) 

These are the relations that are mostly used in the literature. In [IT] it has been shown 
that these (anti-) commutation relations arise in superstring theory on D-branes in the 
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2.3. Field theory 



presence of a background .£> -field. Noncommutative superspaces where the 9 , s no longer 
anticommute have been considered for example in [56 } 1121 j . 

Calculus on the noncommutative superspace is very similar to the usual calculus on 
superspace. Dropping the dependence on a, we can write "super functions" on it as 
f(q,9,9). Because of (|2.11ap . an expansion in 9 stops at 9 2 9 2 (our conventions for the 
handling of 9s are summarized in Appendix IA.3p . The "coefficients" at each order of 9 
are then simply functions of the noncommutative coordinates q^. Because of (I2.11bj) . 
the product of two such superfunctions can be calculated easily. 

In order to write down actions or observables, one also needs an integral on noncom- 
mutative superspace. Integrals over the 9's are defined by 

J d 2 9 (a + b a 9 a + c9 2 ) = c, 

and analogously for 9. We also introduce the notation 

d 6 q = [ d 4 qd 2 9, [ d s q = [ d A qd 2 9d 2 9. 



2.3. Field theory 

The aim of this section is to give a brief introduction to field theory on the noncommu- 
tative Minkowski space. We start by considering classical fields, discuss the question of 
current conservation, and finally introduce free quantum fields. 



2.3.1. Classical fields 

Having partial derivatives and an integral at our disposal, we can write down an action, 
e-g-, 

J d 4 q + /> + /</»*}• (2-12) 

It has been shown in [133J how to rigorously formulate an action principle. The upshot 
is that the resulting equations of motion are just what one naively expects (of course 
one has to take care about the order of the fields and use the cyclicity of the integral). 
Thus, from the above action, one obtains the equation of motion 

(□ + m 2 )0 + A</>* #* = /. 

Solutions can be constructed quite analogously to the commutative case: Assuming 
A = 0, the retarded solution to the above equation is 

<t> = A R x / := J d 4 x A R (x)f x . (2.13) 

Here x stands for convolution and the subscript x for translation, i.e., f(q) x = f{q — %)- 
It has been shown in |133j that for f £ S2, the above is well-defined and <f) £ A4. 
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2. The noncommutative Minkowski space and field theory 



A strange phenomenon occurring in interacting field theories on the noncommutative 
Minkowski space is the nonconservation of local currents. As an example, consider the 
above action for / = 0. The usual energy-momentum tensor in this case would be 



Here L is the Lagrangean, i.e., the expression in curly brackets in (|2.12p . But using the 
equation of motion, we find 



The right hand side does not vanish in general, so T„ is not conserved. This phenomenon 
was first observed in [98], see also |62} |133| . Note, however, that not all currents are 
affected. In the model above, e.g., the current j\, = —i(p*d^4> + id^(j)*(j) is still conserved. 
The same is true for the current in electrodynamics on the noncommutative Minkowski 
space [70] , 

We remark that the source term of the currents is always a commutator. In the 
★-product formulation (|2.6|) . such terms can then be written as a divergence: 



This was used in [108J [2] to include the source term of the current into the divergence of 
the energy-momentum tensor. Thus, one obtains conserved energy momentum tensors. 
Here, however, we stick to the point of view that the energy-momentum tensor (and 
other currents) should be local quantities. In the present context, we mean by this that 
they should be given by (*-) products of (derivatives of) fields. Then one can not use 
the ★'-product and has to live with the fact that some local currents are not conserved. 
We also remark that, since the source term is always given by a commutator, the non- 
conservation of the corresponding charge is relevant only at the noncommutativity scale. 
Furthermore, such an effect is to be expected by heuristic considerations [H]: Charge 
conservation requires that the production of a particle with positive charge is always ac- 
companied by the production of a particle with opposite charge at the same place. But 
because of the noncommutativity, it is not possible to localize two particles at the same 
place, see, e.g., the discussion in [SJ. We also remark that in perturbative treatments of 
quantized theories, one still has energy-momentum conservation at each vertex. Finally, 
we mention that similar problems appeared in the context of nonlocal field theories, see, 





f*h-h*f = ia^d lx (f*'d v h). 



Here we used the antisymmetry of a and 




e.g., [106] [93]. 



10 



2.3. Field theory 



2.3.2. Quantum fields 

We now come to the formulation of quantum field theory on the noncommutative Min- 
kowski space (NCQFT). Already in [17] . the free scalar field was defined as 

</>(q) = (2vr)- 2 j d 4 k 4>(k) ® e~ ikq , 

with (j>(k) as usual, i.e., given by 

4>(k) = (2ir)h{k 2 - m 2 ) (e(jfco)a(k) + 0(-fc Q )a*(-k)) , 

where a* and a are the usual creation and annihilation operators. Thus, quantum fields 
are elements of (or rather affiliated to) ^ £3 £ CT , where 5 is the algebra of operators on 
the Fock space 7i. The product of such quantum fields is then given by 

{<t>®f)-{i>®g) = <t>i>®fg. (2.14) 

Observables can now be constructed using the integral (|2.8p . For example we define, 
for / G S 2 , 

Hf) = J d 4 g f(q)Hq) = I d 4 fc f(-k)$(k). 

This is an element of J. More precisely, it is an unbounded operator with invariant dense 
domain D C H, see, e.g., Section IX. 8]. 

We mention that there are several proposals to use different classes of test functions, 
in particular analytic ones, see, e.g., [521 124J. 

Remark 2.3.1. In [133] it was shown that it is natural to use localized interaction terms 
(or observables) of the form 

J d 4 <? fl(f> ■ ■ ■ fn4>- 

Because of the cyclicity of the integral, the classical expression is symmetric under cyclic 
permutations of the /j. However, this is not the case for the quantized expression if 
the product (|2.14p is used. This may be taken as an indication that this product is not 
always appropriate. We will come back to this point in Chapter EJ 

Remark 2.3.2. Regarding the issue of products of quantum fields on the noncommuta- 
tive Minkowski space, we also note that there are several definitions for Wick products. 
The simplest choice is to set 

/n 
J] d 4 ^ -4(h) ■ ■ ■ Hkn): ® e~ ik ^ . . . e- ik ^. 

i=l 

While this is well-defined, it has the disadvantage that one also subtracts terms that are 
finite. Furthermore, these terms are also not local in the sense of the g-locality concept 
introduced in [TO] . It has thus been proposed in [10] to use so-called quasiplanar Wick 
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products. These arise by the subtraction of only local and infinite terms. In this thesis, 
we follow the philosophy to only subtract local quantities. However, in the interactions 
we consider in the following, the distinction between the ordinary and the quasiplanar 
Wick product is irrelevant. Finally, we note that in [9] yet another Wick product, the 
so-called quantum Wick product, has been introduced. There, the products of fields 
are defined by evaluating the differences of coordinates in best-localized states. It is 
particularly suited for the Hamiltonian approach (see below) and has up to now only 
been used in this context. 

There are several ansatze for a perturbative treatment of interacting NCQFT. Un- 
fortunately, they all give different results in the case of space/time noncommutativity 
a 0t ^ 0. We will discuss them in the following. The more recent twisted NCQFT is 
treated in the next chapter. 

The modified Feynman rules 

were first proposed in [57] and can be derived formally from a Euclidean path integral. 
They amount to using the usual Feynman rules, but to attach to each vertex a phase 
factor e~2^ l<mkiakm , where k\ are the incoming momenta. Thus, this approach is quite 
easy to handle computationally. 

Some of the main features of this approach can be discussed by looking at the fish 
graph in the c/> 3 -model. Since the order of the momenta at the vertices is now important, 
there are two such graphs: 



Here the momenta at the vertices are assigned clockwise. It is easy to check that in 
the first graph the phase factors cancel. Thus, it is as in the commutative case. In 
particular, a mass renormalization is necessary. One speaks of a planar graph. In the 
second graph, on the other hand, the phases add up. One speaks of a nonplanar graph. 
The self-energy for this graph is given by 



The phase factor regularizes the integral. The integral is effectively cut off at a momen- 
tum scale ((fccr) 2 ) _ 2. In this way, an original ultraviolet divergence has been converted 
into an infrared divergence. This is the so-called UV/IR-mixing, which has first been 
observed in [99]. It may spoil renormalizability if such a graph is embedded into another 
graph, so that one has to integrate over k. Furthermore, it leads to a distortion of the 
dispersion relations [97J. 

3 We remark that a rigorous definition of the above integral in the sense of oscillatory integrals has been 
given only recently [51] . 






(2.15) 
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While such phenomena also occur in other approaches to NCQFT, the modified 
Feynman rules have particular drawbacks in the case of space/time noncommutativity: 
Because of the absence of an Osterwalder-Schrader theorem for the noncommutative 
spacetime, the relation to the Lorentzian signature is not clear. Obviously, the change 
ko — ► iko, Iq — ► Hq in (|2.15|) makes the oscillating phase highly divergent if a° l ^ 0. 
Further arguments against a simple relation between the Euclidean and Lorentzian sig- 
nature can be found in [TT]. Finally, it has been shown in [6l] that the modified Feynman 
rules lead to a nonunitarity S-matrix in the case of space/time noncommutativity. 

A more recent proposal is to consider self-dual models in the sense of [88]. This 
amounts to adding a confining potential to the Lagrangean. In this framework it has 
been shown that the 4 model is renormalizable to all orders [73]. But also for these 
models there is no indication for a connection to the Lorentzian metric. 

The Hamiltonian approach 

has already been proposed in [37] . The idea is to use the spatial integral (j2.1Uj) to define 
an interaction Hamiltonian Hj(t). One can then formally define the S-matrix as usual, 
i.e., via the Dyson series: 

S = Te~rJ dt 

This S"-matrix is formally unitary if the Hamiltonian is symmetric. Thus, there is no 
problem with violation of unitarity in this approach. 

There are, however, many possibilities to define the Hamiltonian. Since the spatial 
integral maps into the continuous functions on £, one still has to choose some measure 
on £. Because the Lorentz group is not amenable, one has to break Lorentz invariance 
at this point. A simple choice would be to pick a single a. This was discussed in [89|l9T]. 
Another possibility, proposed in [37], is to smear over Si, which is the orbit of do under 
rotations and parity. This retains rotational invariance. In [12] it was shown that this 
model is ultraviolet finite. In [9], a similar model was discussed, where the interaction 
term is defined with the quantum Wick product, cf. Remark 12.3.21 This model is also 
ultraviolet finite, but has some unresolved infrared problems. The distortion of the 
dispersion relation in this model was investigated in [87] . 

A particular drawback of the Hamiltonian approach is that the interacting field given 
by the time evolution generated by the Hamiltonian does not fulfill the classical equations 
of motion at tree level [11[ Remark 2.2], see also |78| . This is certainly in conflict with 
fundamental principles of quantum theory. Of course one can argue that these may 
have to be altered in a quantum spacetime. However, the classical equations of motion 
are important for current conservation. Thus, it is not surprising that in NCQED in 
the Hamiltonian framework the Ward identities are violated at tree level in Compton 
scattering |1U5| FI 

In [75], a variation of this approach was proposed, where time-ordering is defined 
with respect to light cone coordinates. While Feynman rules can be formulated quite 

4 Note that this problem is not connected with the phenomenon of current nonconservation discussed 
in Section [2.3.11 In the Yang-Feldman approach this problem is absent. 
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elegantly in this setting, actual computations seem to be rather involved. 
The Yang-Feldman approach 

dates back to the 1950s, and is an attempt to directly use the equations of motion 
for quantization [132} 185] . It can also be employed in situations where a Hamiltonian 
quantization is problematic. In particular, it was used in the context of nonlocal field 
theories, see, e.g., [100 \ 193]. On the ordinary Minkowski space with local interactions, it 
has not been very successful, since it is combinatorically more difficult than the Feynman 
rules. Thus, even basic questions about the adiabatic limit or renormalization in this 
framework have not been discussecll. Some of these issued will treated in Chapter [5j 

The use of the Yang-Feldman formalism for NCQFT has been proposed in [8j. In this 
approach, the interacting field is hermitean and in this sense no problems with unitarity 
arise^|. In [10J it was shown that the distortion of the dispersion relation in the ^ 4 -model 
in this approach is very strong in the infrared. In a sense this had to be expected, since 
it is a manifestation of the UV/IR-mixing and the cj> -model is quadratically divergent. 
One of the main goals of this thesis is to investigate the strength of this effect in other 
models, namely cf) 3 , Wess-Zumino and (supersymmetric) NCQED. 



5 However, we remark that the related approach via retarded products [125| has matured considerable 
in recent years [551 . 

6 The existence of a unitary S'-matrix is a delicate question however, because the asymptotic outgoing 
field fulfills different dispersion relations, as we will see in Chapter [5] 
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3. Twisted NCQFT 



In this chapter, which is based on [135J, we study in detail the twist approach to NCQFT. 
It was proposed as a way to circumvent the breaking of Lorentz invariance that follows 
from the choice of a particular noncommutativity matrix a, and has recently gained 
a lot of popularity. It was triggered by the realization that it is possible to twist the 
coproduct of the universal envelope UV of the Poincare algebra such that it is compatible 
with the ^-product. Already in [128J it was shown that the ^-product naturally arises 
from a quasitriangular structure in the Hopf algebra corresponding to the translation 
group. Soon afterwards, it was shown that this quasitriangular structure is generated 
by a twist |104| . Also the embedding into the (Euclidean) Poincare group was discussed 
there. In I13U| this was reformulated in dual language for the proper Poincare 
algebra. Subsequently, there have been claims about the violation of the Pauli principle 
|17| and the absence of UV/IR-mixing [TH] in this twisted setting. Also an axiomatic 
characterization of twisted NCQFT was attempted |36j . 

One aim of this chapter is to reach a more general understanding of QFT in the 
presence of a twisted symmetry. In this sense, it is related to the field of g-deformed 
quantum mechanics (see, e.g., [HI Chapter 2] for an overview) and the study of quantum 
systems with quantum symmetry (see, e.g., [1091 15811103^ 172]). We follow the philosophy 
outlined in [BJ: Each time we encounter a bilinear map involving two spaces carrying 
a representation of the symmetry group, we deform this map with the twist. In the 
following section, we present the general setup and apply it to NCQFT in Section 13.21 
In Section 13.31 we consider two different commutators that appear naturally in the 
twisted setting. Unfortunately, both are lacking some crucial properties of the usual 
commutator. Thus, we are leaving the safe grounds of established quantum mechanics. 
This becomes even more evident in Section 13.41 There, it is shown that it is in general 
not possible to add a localized interaction (a source, for example) to the Hamiltonian 
without getting into serious trouble with the correspondence principle. We argue that 
this makes it extremely difficult to derive any predictions in the twisted setting (at least 
none that are not already present in conventional NCQFT). In Section 13.51 we make 
some remarks on the effect of the twist in the interacting case and in particular on the 
claim that the UV/IR-mixing is absent in the twisted setting [18]. 
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3. Twisted NCQFT 



3.1. Setup 

Let \x : 5(lR 4 ) 5(]R 4 ) — > 5(IR 4 ) be the point-wise product of Schwartz functions. As is 
obvious from (|2.6[) , the ^-product can be defined aaj /4 = /iof with 

In [6], the twist was interpreted as a formal power series in some deformation parameter. 
Here, we define it rigorously by going to momentum space, cf. the twisted convolu- 
tion (EOl) . 

The Poincare algebra V can be embedded into the Lie algebra E of vector fields and 
this in turn, into the algebra WE that is obtained from the universal enveloping algebra 
by dividing out the ideal generated by the commutation relations in 3. Following [B], 
one can equip f/E with the structure of a Hopf algebra by defining the coproduct, counit 
and antipode through 

A(it)=u®l + I0u A(l) =1(8)1 

e(u) =0 e(l) =1 

S(u)=-u 5(1) =1 

where it E E. This definition can be extended to US by requiring A and e to be algebra 
homomorphisms and S to be an antialgebra homomorphism. Furthermore, one can give 
J7S a *-structure by defining 

u *(f) = (s( U )(nr (3.i) 



for / G <S(M ), ueH and extending this as an antialgebra homomorphism. Moreover, 
we note that T fulfills 

(id®A)^(l ®T) =(A® id)J^(^® 1), (3.2) 

(e®id)^"=l, (3.3) 

0S , ®S)(.T'®*) =F 2 i, (3.4) 

where ^21 is the transposed T (in our case T%\ = J^ 7-1 ). Thus, is a real (I3.4p . 
counital (|3,3p 2-coclycle (|3.2p . see, e.g., [M]. From (|3.2p it follows that the ^-product is 
associative, and because of (I3.4p it respects the *-structur^l: (/*<?)* = g* */*. 

Now we consider the compatibility of the ^-product with Poincare transformations. 
Let £ G UV. The point- wise product fulfills 

^o^ = ^oA(0- (3.5) 



Here we identified £ with its action on <S(R 4 ). Now we want to find a deformed coproduct 
A* that fulfills £ o fj,+ = fx+ o A* (£) . Using (13. 5p , we obtain 

fo^ = /io A(f) o J- = ^ o J- 1 o A(£) o JP. 



Note that we use a different notation than in [B . Our T corresponds to T 1 there. 
2 Note that the notations * and /x* are used interchangeably here. 
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Thus, one defines 

Since T G UV <3 UV, it is clear that A*(£) £ UV ® UV. In fact one explicitly finds 
pi [130] 

A*(P M ) =P^® 1 + 1® P^, (3.6) 
A^(M^) =M^ ® 1 + 1 ® M„ v 

~\o a<i [9„a (Pp ®Pp-Pf3® P v ) ~ 9va (P„ ®P P -P(3® Pp)] ■ 

There is a general theorem (see, e.g., [01], Thm 2.3.4) stating that A*, together with 
e* = e and = X^^iOXi where x = •S'C-^i) )-^ r (2) HI again define a Hopf algebra. 

Note that in our particular case x = 1, i.e., S+ = S. Prom this and (13. 4|) it follows that 
we still have a Hopf *-algebra with the old *-structure (|94|. Prop 2.3.7). Furthermore, 
one can show [5] that there is a triangular structure (or i?-matrix) R = T~~^T . In our 
particular case we have 

Remark 3.1.1. Note that one could also describe the action of a Poincare transforma- 
tion by a change of the twist J- and thus the product fj,+: 

ao/it = /io A(a) o J 7 = fio A (a) o T o A(a) _1 o A(a). 

Defining J 7 ' = A(a) of o A(a) _1 and /v = [io T' , one can write this as 

ao = fi+r o A(a). 

In our concrete case, this would mean that one has to transform a as a tensor, as 
proposed in [47J (cf. Section [2~T2]) . See also [68] 14"]. 

Now suppose we are given vector spaces A,B,C that carry a representation of the 
Poincare algebra and a map v : A % B —* C that is compatible with this action. Then 
it is in the spirit of [6] to deform this map to = v o T . As above, one then has 
ao v+ = v+o A* (a). Now consider some special cases: 

• Let A be an algebra carrying a representation of the Poincare algebra and • the 
product A (g> A — > A. Applying the above principle, one gets a new algebra A+, 
being identical to A as a vector space, but with product * = • o T. Due to (|3.2p 
this product is associative. Note that if A is a *-algebra, then, because of (|3.4|) . 
the new ^-product is compatible with the old *-structure: (a * b)* = b* * a* . 

• Let A be an algebra with a representation on a vector space V and • : A <g) V — ► V 
be the corresponding left action. Applying the above principle, one first deforms 
A to A*. One then defines the action * : A* V — > V by * = ■ o J 7 . That this 
action defines a representation, i.e., {a-kb)-kv = a*(b*v), follows again from (|3.2|) . 

3 Here we use the notation T = T{V) ® ^~(2) with an implicit summation. 
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• If V is even a Hilbert space, one should also define a new scalar product that is 
compatible with the adjoint in A*. The scalar product can be viewed as a bilinear 
map where V is the conjugate vector space. The new scalar product 

(•,•)* can then be defined in the obvious way. It remains to be shown that it is 
positive definite and compatible with the *-structure of A+. Note that in order to 
be consistent with (|3.1|) . one defines the action of U"E on V by £v = S(£*)v. Also 
note that to the above left action of A on V there corresponds the right action 
v ■ a = a* ■ v on V. This action can also be deformed in the obvious way. Due 
to (13. 4jl . we have v-ka = a* *v. The compatibility with the ^-structure of A*, i.e., 
(vjd-kw)* = (a* *v,w)*, is now again a consequence of (|3.2J) . Unfortunately, there 
seems to be no general proof that (•, is positive definite!. Thus, this has to be 
checked explicitly in each example. 



3.2. The application to NCQFT 

It is now fairly obvious how to apply the above to NCQFT. Identifying A with the 
free field algebra and V with the Fock space, we get a new product of quantum fields 
and a new action on the Fock spac^f). It only remains to be checked that the new 
scalar product is positive definite. This is indeed the case, in fact it is the old one: Let 
/ G L 2 (R 3m ),g e L 2 (R 3n ). Then 

m ' n£S m J i=l UJ% 

Here we used the notation k + = (cjk, k). Because of the antisymmetry of a, the twisting 
drops out. This is analogous to the property (|2.9p . 

The same construction can be done for a fermionic Fock space. 

Remark 3.2.1. The new product of quantum field follows naturally from the smeared 
field operators introduced in [TU] : 

(f> f (q) = J d A x (f>(q + x)f(x) = J d A k f(k)4>(k)®e ikq . 

One then has 

4 If one interprets T as a formal power series, one has positive definiteness in the sense of formal power 

series, since the zeroth order component is the old one. 
5 Note that the action of the twist on tensor products of L 2 -functions is well-defined in momentum 

space. Thus, we do not have to restrict to Schwartz functions, since no point-wise products are 

involved. 
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Here we used the notation^] 

/n 
J] d% f(k x , ...,k n )H 4>{k) ® e^ + - 
i=l i 

The equation above can then be generalized to 



for / G L 2 (R 3m ), 5 G L 2 (M 3n ). However, these quantum fields are elements of (or rather 
affiliated to) $®£ a , cf. Section [2.3.21 An element of 5, i.e., an operator on Fock space, 
is obtained by applying id (g) uj, where u is a functional on £ a . Thus, the action of the 
field algebra on the Fock space is different than in the twisted approach considered in 
this chapter. 

Remark 3.2.2. In [T7j the twisted product was realized by a new definition of the 
creation and annihilation operators: 

a(k) = a(k)ei k+aP , a(k)* = a(k)*e-^ k+aP . 
One then has a(/)^ = a(/)*^ for any Fock space vector ^ (and analogously for a(/)*). 



3.3. The twisted commutators 



We turn to a question that is very important for finding a consistent interpretation of 
the new field algebra. Of course one is inclined to keep the interpretation of </>(/) as a 
field operator and of a(f)* ,a(f) as creation and annihilation operators. But then they 
should fulfill some commutation relation that is compatible with the classical Poisson 
bracket. Since this classical bracket is not affected by the twist (at least if one uses 
Peierls' definition, see |133j ). we would like the *-commutator to give the usual result. 
This, however, is not the case for 

W)W(g)] =<P(f) * 4>{g) - m * 4>(f) 
= J d 4 hd 4 k 2 f(h)g(k 2 ) 

x (^OfeKi^ 2 - 4>(k 2 )4>(ki)ei> kl<7k ^ , 

as has already been noted in |11[ p.73f]. It is not even a c-number. But it fulfills the 
usual algebraic requirements antisymmetry, Leibniz rule and Jacobi identity. 

Remark 3.3.1. This is the form of the commutator considered in [36J and denoted 
by [4>(f), 4>(g)]±- Thus, our twisted NCQFT does not fulfill the locality axiom posed in 
there, even in the case of space/space noncommutativity. 

6 Note that this notation deviates from the one used in [ID] . 
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One can also consider the commutator as a bilinear map 



[-,-]: A® A -> A 

[-, •] : a (g) b t— > ab — 6a. 



Then it is natural to deform it to the twisted commutator 



[•, •] O ? = [J,* - fi* oRo t. 



Here r is the transposition and R is the triangular structure (j3.7f) . Note that this 
commutator was also used for a deformed Lie bracket of vector fields in [BJ. In the 
context of NCQFT, it has already been proposed in [TT] in the language of [TO] (cf. 
Remark 13.2. ip . There, it simply amounts to postulating the commutator 

[<t> ® /, V> ® g] = [<f>, V>] ® /$ 

for elements of $ <8> £ It has already been remarked in [11] that it is neither antisym- 
metric nor fulfilling the Jacobi identity. However, it is possible to prove a Jacobi identity 
that involves the iZ-matrix [6j: 



There is a similar formula expressing a twisted antisymmetry. While these formulae are 
general, there seems to be no analogous general formula for the Leibniz rule. But in the 
concrete example of NCQFT we have 



We see that the twisting drops out and we obtain the usual result. In particular, we 
have twisted commutativity if the supports of / and g are spacelike separated. This 
seems to indicate that in the case of a twisted symmetry one should demand the corre- 
spondence principle between the classical Poisson bracket and the twisted commutator 
of the basic variables. We remark that Pusz and Woronowicz |109| found completely 
analogous twisted canonical commutation relations involving the i?-matrix in a second 
quantization of a finite system with 5f7 (? (A r )-symmetry. This may be seen as a hint that 
this is a general structure (see also [61\ Chapter 2] and references therein). However, 
it should be noted that the vanishing of the commutator has a physical meaning, the 
possibility of simultaneous measurement. It is not clear whether the vanishing of the 
twisted commutator can be given a similar meaning. 



[a, [b, c]*]* = [[a, &]*, c]* + [R(i)b, [ifyqa, c] 



[a, b*c]*= [a, &]* * c + J^" (1) 2 6 * [J^" (2) 2 a, c]*. 

This can elegantly be seen in the notation of [TO]. 

We can now compute the twisted commutator of two fields: 
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It should also be noted that, as has already been remarked in [TT], the twisted com- 
mutator of products of fields does not coincide with the usual one, and does in particular 
not vanish for spacelike separated supports. This is illustrated in the following example: 



We emphasize once more that this is also in conflict with the correspondence principle. 
Note that it does not help to use 4>{f\) * 4>(f2) instead of 4> 2 {fi <8> /b)- 

Remark 3.3.2. If one interprets the twisting as a formal power series, then the [•, •]*- 
commutator is local at every order, i.e., it vanishes for spacelike separated supports (this 
is not the case for [•*•]). If one identifies the scale of noncommutativity with the Planck 
scale, then a could be interpreted to be of 0(K). In this sense the twisting would yield 
higher powers of h. It may be interesting to investigate this further. 

Thus, the upshot of this section is that we have two natural commutators in the 
twisted setting. The first one fulfills the usual algebraic requirements but deviates from 
the classical Poisson bracket. The other one does not have very nice algebraic properties, 
but at least reproduces the classical Poisson bracket for simple fields (but not for products 
of fields). In any case the correspondence principle has to be modified considerably, so 
one is leaving the safe grounds of established quantum mechanics. 

3.4. Time evolution 

In ordinary quantum theory, the time evolution of observables is given by the commutator 
with the Hamiltonian H. If we want to keep this in the twisted setting, we have to decide 
which commutator to use. Because of (I3.6D one expects that the time evolution fulfills 
the Leibniz rule, at least if H is time-independent. It follows that one should use the 
[•*-]-commutator. The classical equations of motion, however, do not change. Thus, the 
requirement that the time evolution is, to zeroth order in K, identical to the classical 
evolution, leads to the condition [H*a] = [H,a] + 0(h 2 ) for all observables a. But in 
the preceding section we have seen that the [-*-]-commutator in general deviates from 
[•, •] already at zeroth ordei0. So the only general way to make things consistent seems 
to be to require that H is invariant under the symmetry operation involved in the twist 
(in our case the translations), since then we have [H*a] = [H,a]. But this makes the 
structure very rigid, because a change of H must be accompanied by a change of the 
twist. It is not even clear if there exists such a new T in general. 

7 Even if one interprets the twist as a formal power series and assumes that a is of O(h) (cf. remark Ei.3.2p . 
then the two commutators still deviate at first order in h. 
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Remark 3.4.1. There seems to be some similarity to the observation [1 H Remark 2.2] 
that in the Hamiltonian approach to NCQFT the interacting Heisenberg field does, at 
tree level, not fulfill the classical equation of motion (see also |78j). But there the problem 
appears only if the interaction is at least quadratic and if time does not commute with 
space. Here, instead, the problem is connected only to translation invariance and thus 
already arises for a source term and also in the case of space/space noncommutativity. 

In the case when H is not invariant under the symmetry involved in the twist, one 
could of course simply postulate the time evolution a = i [H, a] . But this time-evolution 
would in general be incompatible with the twisted algebra structure: 

[H, a * b] / [H, a] * b + a * [H, b\. 

Thus, one would have to use the old algebra and nothing would have changed. 

In order to see how this rigidity makes a meaningful exploration of the new framework 
impossible, consider the following example: Applying a creation operator a(g)* on the 
vacuum twice, one gets the two-particle wave function 

k + ak + 

*^ a (ki,k 2 ) = \/2g(ki)g(k 2 )cos 1 - 2 . 

Thus, the modulus |^^ fl ® 9 (ki, ki2) | is reduced for momenta ki, k 2 such that kfak^ ~ 1. 
This can only happen if AjAj ~ A" 2 for i,j in noncommuting directions. Here Aj 
denotes the typical width of g in the direction i. In this sense the wave function ^p g ® g 
is more narrow in momentum space and thus has a wider spread in position space in 
the noncommuting direction (of course the effect is tiny for realistic energies if X nc is 
identified with the Planck length). Thus, one gets the impression that the twisting 
disfavors the occurrence of several particles with the same wave function if this wave 
function is simultaneously localized in noncommuting directions. If this was true, this 
might be an elegant resolution of the uncertainty problem posed in [47] . 

But the discussion above was at best heuristic. On the shaky ground we are exploring, 
we do not have any good intuition about what the repeated action of a(g)* might actually 
signify. And the two-particle wave function *S> g ® g is still an element of our Fock space. 
Thus, we would like to make a statement in more operational terms. Now ^ g ® g is, up to 
normalization, the two-particle component of the coherent state e Xa ^* £1. This, in turn, 
can be characterized by being the ground state corresponding to the Hamiltonian 

H = H + X [«(/)* + a(f)} , 

where Hq is the usual free Hamiltonian and / = —Pog. Taking this as a motivation, it 
would be interesting to find the ground state corresponding to this Hamiltonian in our 
twisted setting, i.e., the eigenvector ^ with the lowest eigenvalue H-k^ = E^> . This can 
be done and it turns out that the corresponding two-particle wave function is indeed 
more narrow than *& g ® g (it is even more narrow than $>jrg®g)- However, it is not clear 
if this result has any meaning, because H is, in the twisted setting, not the generator of 
the time evolution. In the present example, this is easily seen for the time evolution of a 
field, as we already computed the [v]-commutator of two fields in the preceding section. 
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Remark 3.4.2. In [17] it has been claimed that in the twisted setting Pauli's exclusion 
principle is no longer valid. The authors conclude this from the fact that in the case of 
twisted anticommutation relations one has in general a(g)* *a(g)* ^ 0. But the fermionic 
wave functions are still antisymmetric. It is simply not clear what Pauli's principle tells 
us in the twisted case (as in the example above, we do not know what the repeated 
action of a{g)* actually means). One should rather look for a statement in operational 
terms. First steps in this direction have been taken in [39], see also [19] . However, in 
the light of the preceding discussion it is doubtful that this can be done consistently. 

Remark 3.4.3. In view of the problems discussed here, one might be tempted to de- 
fine the interacting directly by the equation of motion, i.e., use the Yang-Feldman 
formalism. But one has to bear in mind that if the interaction is not translation 
invariant, the interacting field will not transform covariantly under translations, i.e., 
4>int(T a f) 7^ U a (pi n t(f)U~ 1 , where r is the action on test functions and U the Hilbert 
space representation of the translation group. This will make the ^-product of interacting 
fields more complicated. 

3.5. Interactions 

The effect of interactions can be studied by formally computing the n-point functions of 
the interacting field, defined, e.g., by the Yang-Feldman formalism. If the interaction is 
translation invariant, the interacting field transforms covariantly under translations (see 
remark T3.4.3p . and we have 

(Q, (t>int{h) *■ 4>int(fn)ty 



On the right hand side, all the loops are contained in the vacuum expectation value. 
Obviously, the twisting factor does not interfere at all with these and has no effect on the 
divergences, and in particular does not influence the UV/IR-mixing. Thus the absence 
or presence of the UV/IR-mixing does only depend on the choice of the interaction 
ternH. 

In [IB] the old (pointwise) product of fields was usecH. Thus, it is not surprising that 
the UV/IR-mixing is absent there. The same conclusion was also reached in [126J. 

If, however, the ^-product of fields is used for the interaction term, the UV/IR-mixing 
will be exactly as usual. 



8 This also seems to be at odds with the results of [104] . 

9 More precisely, the inverse *-product between the operators 5,5* (see Remark I3.2.2|l was used. But 
since these operators already realize the *-product, the combined effect amounts to the pointwise 




Y[d%fi(ki) e-^< 1 k ^(nj int (k 1 )...4 >mt (k n )n). 



product. 
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4. Noncommutative gauge theories 



The main goal of this thesis is to study quantum electrodynamics on the noncommutative 
Minkowski space. In order to set the stage, we give a brief introduction to gauge theories 
on noncommutative spaces and study classical electrodynamics on the noncommutative 
Minkowski space in some detail. 

There are different approaches to gauge theories on noncommutative spaces. The un- 
expanded (module) approach is rooted in the framework of noncommutative geometry 
and is intrinsic in the sense that it only requires a noncommutative algebra. It has the 
disadvantage that there are severe restrictions on the gauge groups and representations. 
In the approach via the Seiberg-Witten map, one always needs a classical spacetime 
that is deformed by a ^-product. The Seiberg-Witten map is then a formal map from 
"commutative" gauge fields to "noncommutative" ones. It has the advantage that there 
are no restrictions on the gauge groups and representations. There are also attempts to 
formulate gauge theories in the twisted setting introduced in the previous chapter. In 
this chapter, we will present these different approaches (with a focus on the module ap- 
proach), and discuss classical electrodynamics on the noncommutative Minkowski space 
in the module approach. 



4.1. The module approach 

We already mentioned the Gelfand-Naimark theorem as one of the cornerstones of non- 
commutative geometry. Another cornerstone is the Serre-Swan theorem (see, e.g., |67t 
Thm. 2.10]), which states that there is a one-to-one correspondence between vector 
bundled over a compact topological space M and finitely generated projective C(M)- 
modules. More precisely, the space T(M, V) of continuous sections of the bundle V — > M 
is a finitely generated projective C(M)-module, and to each finitely generated projective 
C(M)-module E corresponds a vector bundle V — * M such that E ~ T(M, V"). If M is 
only locally compact, the situation is more involved 
to a bundle V — ► M c on a compactification M c of M 



112j . If the bundle can be extended 
| then the space Tq(M, V\m) of sec- 
tions vanishing at infinity is a Co(M)-module of the form pCo(M) with p 6 M n (C(M c )) 
a projection. Conversely, to each Co(M)-module of this form, there corresponds a bundle 
V -> M c such that E ~ T {M, V\ M )- 

The application to noncommutative geometry is straightforward: The analog of a 
vector bundle over a compact "noncommutative space" described by a noncommutative, 



1 It is one of the biggest problems for the construction of noncommutative gauge theories that there is 

no analogous theorem for principle bundles. 
2 On the Stone-Cech compactification of M, this is possible if M is normal and V has a finite open 

cover of trivializations. 
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4. Noncommutative gauge theories 

unital C*-algebra A is a finitely generated projective rightd A-module E. For nonunital 
A, we choose some unitization (typically the multiplier algebra M(A)). As discussed in 
Section 12.21 it is sometimes advantageous to work with general algebras (not necessarily 
C*). Thus, we also allow for such algebras in the following. 

4.1.1. Finitely generated projective modules 

A crucial ingredient for doing field theory is a metric on the right .A-module E, i.e., a 
pairing E x E — > A fulfilling 

(<^ + vO = (^V0 + (^VO, 

(<a,v) =w&. 

It should also be positive, i.e., (4>,4>) > for <p ^ 0. In the commutative case, this 
obviously corresponds to a hermitean metric on the bundle. 

Remark 4.1.1. If A is a C*-algebra and E is complete in the norm <fi ^ (0,(^)2, one 
speaks of a right C* A-module. A map T : E — > E is called adjointable, if is has an 
adjoint with respect to the metric. One can show that such maps are always bounded 
module endomorphisms |67l Prop. 2.16]. Furthermore, for finitely generated projective 
modules E = pA n , one has_| Endyi(-E) = pM n (A)p. 

Example 4.1.2. The simplest example for a finitely generated projective right A-module 
is of course E = A n . Choosing a set {s,} of basis sections, one can define the metric as 

E SiCLi > Yl s -? 6 i) = a i bi - 

i j i 

A transformation Sj — * ^ • SjAji with Aji £ A that yields another set of orthonor- 
mal basis sections can then be interpreted as a gauge transformation. Thus, we have 
constructed a U(N) gauge symmetry. The module E then describes fields in the fun- 
damental representation. Unfortunately, there is no suitable definition of a determinant 
for such transformations. Therefore, it is not possible to construct an SU (N) gauge 
symmetry in this way. 

Example 4.1.3. A noncommutative algebra A in general contains nontrivial projectors. 
Given such a projection p, one can define the finitely generated projective module E = 
pA. Such modules have no analog in the commutative case. We will not consider this 
possibility further in the following. 

3 Of course one could also consider left .A-modules. But since in the commutative case there is only one 

multiplication, it is natural not to consider .A-bimodules. 
4 Strictly speaking, one has Endyi(i5) = M(pM n (A)p), where M stands for the multiplier algrebra [671 

Section 3.1]. In the case A = M(A), p = id, with which we will be concerned mostly, the above is 

thus correct. 
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4.1. The module approach 



Matter fields in the adjoint representation can be described as yi-module endomor- 
phisms. As discussed in Remark 14. these are elements of pM n (A)p. In order to write 
down an action for these fields, one then also needs a trace on ~Endj\_(E). Given a trace 
tr/i on A, one can simply define Tr^ = tr^otr, where tr is the matrix trace. 

In |34j a noncommutative version of the standard model has been proposed where 
matter fields transform under different U(N)'s from left and right. These can be im- 
plemented as elements of Homji(E, E'). In principle one can then form two different 
actions, either Tr e4>*4> or Txe' </></>*■ 

Thus, in noncommutative gauge theories the possible gauge groups and representations 
are highly restricted [S3]- Later we will see that in the case of electrodynamics charge 
quantization is a further restriction. 

4.1.2. Differential calculus 

In order to do gauge theory, we want to define connections. For this, we need a differential 
calculus. By this we mean the following: Let A be an algebra. A differential calculus 
over A is a graded algebra 

fi(-A) = © n f2 n (.A), 
a homomorphism p : A — > Uq(A) and a differential d satisfying 

dn n (A) c n n+1 (A), 

d 2 = 0, 
d(uv) = duju + (-l) n wdzA 

In the last equation n, is the grade of u. With p and the product in 0,(A), 0,(A) is an 
yi-bimodule in a natural way. A differential calculus is called minimal, if it is generated 
by A and d. 

If A is a unital algebra, there is a differential calculus which has the property that any 
other minimal differential calculus can be obtained from it by a unique graded algebra 
homomorphism. It is called the universal differential calculus. It can be constructed as 
follows: Define 

K(A) = ffi n A n (.A) with A n (A) =A® n+1 

and the multiplication 

(ao ® ■ • ■ ® a m , b <g) • • • <g> b n ) ^ a <8> • • • © a m b <S> ■ ■ ■ <8> b n . 
Furthermore, define the differential d u by 

m+l 

d u (a (8) • • • <g> a m ) = (-l) k a (8) • • • <g) a fc _i (8) 1 <g) a k ® ■ ■ ■ ® a m . 

k=0 

The subalgebra Q U (A) generated by A and d u is the universal differential calculus. We 
note that for practical applications, the universal differential calculus is usually by far 
too big. 
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The analog of vector fields on a manifold are the derivations on the algebra A. There 
is a natural pairing Q U (A) x Der(yi)® n between universal forms and tensor products of 
derivations: 

(a d u ai . . . d u a m , d\ <g> • • • ® d n ) = <5™ a Q diai . . . d m a m . 

This definition is unambiguous, because both d u and d fulfill the Leibniz rule. 

Derivations can be used to reduce the universal differential calculus. Let d a be a set 
of linearly independent derivations. Then the set 

N = {lo£ nl(A)\d a io = Va} 

is an .A-bimodule ideal of , and we can define the reduced differential calculus 

Q(A) = a a (A)/N. 

Note that elements of Q (A) can in general only be paired with (linear combinations of) 
the derivations d a . 

If A is a *-algebra, there is a natural definition of an adjoint on Q U (A): 

(do ® ■ ■ ■ ® a m )* = (-l) m a* m ® ■ ■ ■ ® Oq. 

The universal differential d u is real in the sense (ad u b)* = d u b*a* . If the derivations d a 
are real in the sense (da)* = da*, then the reduced calculus Q(A) also has an adjoint 
and the differential is real. 

Example 4.1.4. We consider the unital *-algebra M, cf. Section \2.2l describing fields 
on the noncommutative Minkowski space. Obviously, the derivations are real. Using 
them to reduce the universal differential calculus, we get the following relations for one- 
forms: 

fd<f = dq»f VfeM. 

Applying d once more, we see that the one-forms dq^ anticommute. The pairing of 
one-forms and the derivations is given by (fdq u , d^) = 5^f. This is the differential 
calculus that is mainly used in the literature. 

4.1.3. Connections 

Now we may define connections on our analogs of vector bundles. Let £ by a right 
yi-module. A connection (or covariant derivative) D on E is a linear map 

D : E —* E ® A Q}{A) 

fulfilling the Leibniz rule 

D((pa) = D(f>a + (p <g> da. 

It can be extended to a map 

D:E® A n n {A) -^E® A n n+1 (A) 
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by setting 

D{$oj) = D<$>u> + (-l) n $du; 

for <E> G i£<g)./iJ) n (.A). Note that E(^j\Q n (A) is also a right A- module. It is straightforward 
to show that the field strength 

F = D 2 

is a module homomorphism. 

If E carries a metric, D is called a metric connection if it fulfills 

d(<A,V0 = (^V0 + (<^V0- 

The second term on the right hand side is defined by (<j},if}<g>jiu}) = (4>, tp)u}, an d similarly 
for the other term. 

Every L G Endyi(-E) can be extended to L G Endf^y^-E <S>a ^(-A)) by 

L(0<gUu/) = L(^) 0^ w. 

We can thus define the covariant derivative on Kndji(E) as a map D : Endyi(-E') — > 
RomAiE^^&iA)) by 

DL = [D, L). 

This corresponds to the covariant derivative in the adjoint representation. 

In the case of electrodynamics, i.e., E = A, we can choose a basis section s. Then the 
connection defines a vector potential A G O (A) by Ds = —ies®jiA. Here we introduced 
a coupling constant e. The field strength is then given by Fs = —ies (dA — ieA 2 ). 
If the basis section is normalized, i.e., (s,s) = 1, the connection is metric iff A* = A. 
Under a gauge transformation s' = sA, the connection changes as 

A' = -A~ l dA + A~ 1 AA. (4.1) 

e 

In typical situations, we would like to have different matter fields coupled to the same 
gauge field. This is severely constrained in the present setting. Consider two trivial 
bundles E±/2 = A. Choose normalized sections Si/ 2 such that the connections are given 
by D\/2 s i/2 = — * e i/2 s i/2^4 f° r some A G Q (A). Now, unless e± = e 2 , for a given gauge 
transformation s[ = S\A\ there will be in general no corresponding gauge transformation 
on E 2 such that 

— A^dAx + A^AAi = — A 2 MA 2 + A 2 1 AA 2 
ei e 2 

holds, cf. (14. ip . Thus, there is only one universal electric charge. This has first been 
noted in [77]. Obviously, this makes the description of quarks quite problematic. 

Example 4.1.5. Considering the noncommutative Minkowski space A4 and the reduced 
differential calculus introduced in example 14,1.4} we set 

A = dq^A/j,. 

Here the A^s are self-adjoint. The field strength is then given by F = ^dq fJ- dq p ' F^ u with 

F„v = d„A v - d v A^ - ie[A^ A v \. (4.2) 
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4.1.4. Covariant Coordinated 

In gauge theories it is always a crucial point to construct local observables, i.e., local 
gauge invariant quantities. In the present language this means module homomorphisms. 
We have already seen that the field strength is such a homomorphism. However, it is not 
localized. Thus, assume we are given a trace Tr on (a subset of) ~Endj\.(E). Then Tr F^ v 
will in general not exist. Hence, we would like to have a mapping L : A —* End^-E). 
The action of L(a) can then be interpreted as a covariant multiplication with a. If a 
is appropriately chosen, TrL( cl)F^ u is well-defined and can be interpreted as the field 
strength evaluated with a "test function" a. 

We follow an approach in the spirit of Wilson. We define a pairing 

E ® A n(A) x Der(yi)® n E 

by 

(0 ® A u, di <g> • ■ ■ <g> d n ) = 4>{uj,di <g> • • • <g> d n ). 

As we already remarked above, in a reduced differential calculus, this is in general only 
well-defined for the derivations that were used to reduce the calculus. Given a connection 
D, we can interpret the map Ug : E — > E given by 

Ugtff = (D&d) 

as an infinitesimal parallel transport (or covariant derivative) of <j) along the direction 
given by d. This can formally be integrated to a parallel transport Ug by defining 

n 

Whether the right hand side exists has to be checked in the concrete case. By definition, 
one has UtgU s g = U( t+S ^g. Parallel transport is of course no module homomorphism. 
Instead, one has 

Ug (4>a) = Ug(j)Vga 

with Vg = e d . It follows that a series Ug 1 o • • • o Ug n of parallel transports is a module 
homomorphism iff 

V dl o---oVg n = id, 

i.e., if the path closes. If the derivations d and d' commute, one can form a plaquette 
and recovers the field strength through the formula 

(F, d®d'-d'®d} = -^-UtgUsd'U-tgU^lt^o. 
dtds 

An important class of derivations are inner derivations, i.e., those which are given by 
a commutator with an element of the algebra: 

d a b = [b,a]. 



5 This section is to a large extent based on an unpublished manuscript of S. Doplicher and K. Freden- 
hagen. 
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4.2. The Seiberg-Witten map 



Obviously, d a is hermitean iff a* = —a. As we have seen in Example l4.1.44 the derivations 
on the noncommutative Minkowski space are of this type. For inner derivations, one 
can also define a module homomorphism by 

W a <t> = U d Je- a . 

This is a generalization of the open Wilson lines introduced in [81], see also [71j . Their 
infinitesimal versions 

L{a)4> = -T-W ta (t>\t=o = (D(p,d a ) - (pa 
at 

are the covariant coordinates. In a reduced differential calculus, the covariant coordinates 
are in general only defined for special a's. 

Example 4.1.6. In the case of electrodynamics on the noncommutative Minkowski 
space, i.e., E = A = M., we have Endy^(£') = M.. A trace is given by the integral J d 4 q 
introduced in Section [2.2.11 which is well-defined on the ideal S2 C M. In the reduced 
differential calculus introduced in Example 14.1.41 the derivations are given as linear 
combinations of the inner derivations d q », cf. (|2.T|) . Thus, the covariant coordinates for 
the q^'s are defined. For a given basis section s, they are 

L{(f)a = aXf = 8{(f + e(T^A v ). (4.3) 

These are the covariant coordinates introduced in [92]. We note that they fulfill the 
commutation relations 

[X», X v \ = ia» v - i{aFo-y v . (4.4) 

Furthermore, similarly to (|2.7p . one can express the covariant derivative in the adjoint 
representation by a commutator with the covariant coordinates: 

= (£)-, d li ) = -ia^[X v , ■]. (4.5) 

4.2. The Seiberg-Witten map 

We already mentioned that field theory on the noncommutative Minkowski space also 
arises in the so-called zero-slope limit in the theory of open strings ending on D-branes 
in the presence of a background i?-field. But, as was shown by Seiberg and Witten [118J, 
this depends on the regularization. For a stack of iV D-branes, one obtains, via a point- 
splitting regularization, a noncommutative U(N) gauge theory. Using a Pauli-Villars 
regularator, one finds an ordinary U(N) gauge theory. Since the physics should be 
regularization independent, there should be a mapping between the two theories. This 
map, called Seiberg-Witten map, is a solution of an inhomogenous differential equation. 
It expresses the noncommutative gauge field as a function of the commutative gauge 
field a„. The noncommutative gauge parameter, however, is a function of both the 
commutative gauge parameter A and a^. Both functions are formal power series in a. 
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4. Noncommutative gauge theories 

In the case of U(l) gauge theory, i.e., electrodynamics, the Seiberg-Witten map can 
also be interpreted in a more geometrical fashion. In [45J it was shown that it arises in 
a world-volume reparametrization that eliminates the fluctuating gauge field. Similarly, 
one can interpret the Seiberg-Witten map as an equivalence relation between different *- 
products [83J . Of course an electromagnetic field / could also be put into the background 
field B, which is, in the zero-slope limit, related to a by a = . Thus, one would 
have a new symplectic structure 

a' = (B + f)- 1 = a(l + fa)- 1 . (4.6) 

However, strictly speaking, this equality only holds for constant /. 

A similar phenomenon appears in the module approach: Equation (|4.4p can be inter- 
preted as defining a new commutator 

a' = a - oFa (4.7) 

for the coordinates X^. But note that the F here and the / in (|4.6p are not identical, 
even if they are constant. In fact, equating (|4.6|) and (|4.7ft . we obtain 

f = F(l-aF)-\ 

This relation has already been found in [T18J as the relation between the commutative 
field strength / and the noncommutative field strength F. 

Combining Moser's Lemma and the Kontsevich formalism for ^-products, one can 
show [83j that there is a map L a , which is a formal power series in a and intertwines 
the ^-products corresponding to a and a': 

L a g-kL a h = L a (g-k' h). 

In the notation L a the subscript a refers to the one-form that generates the flow from the 
symplectic form B to B + /, where / = da. Interpreting L a as a covariant coordinate, 
one can turn equation (14. 3D around and obtain from L a (x u ). Explicitly, one finds 

A tt = a tt - \o uX a v (d xail + f Xtl ) + 0{a 2 ). (4.8) 

For the field strength, one obtains 

= V + a Xp (UxU P ~ a x d p f^) + 0(a 2 ). (4.9) 

The strategy is then usually as follows: One expresses the noncommutative action 
in terms of the commutative fields, up to some (usually first) order in a. Concretely, 
using (|4.9p and the noncommutative Maxwell action (|4.12ft . which we will introduce 
later, one obtains 

S = J d 4 x [—M^ + l^fapUvF" - l^f m M^ + 0(a 2 ). (4.10) 



32 
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In order to do classical field theory, one can then obtain equations of motion by varying 
with respect to a„. On the quantum level, the terms of higher order in a are interaction 
terms that can be treated perturbatively. This approach has several advantages: The 
Seiberg-Witten map can be set up for arbitrary gauge groups [HI] and electromagnetic 
charges [29]. It is thus relatively straightforward to construct a noncommutative version 
of the standard model [2U]. Furthermore, because of the expansion in a, the phase 
factors that lead to the UV/IR-mixing do not appear. Finally, / M „ is gauge invariant, 
so one can directly use it as an observable and does not have to bother about covariant 
coordinates. 

However, there are some disadvantages: While the photon two-point function in pure 
noncommutative electrodynamics is renormalizable to all orders in h and a in this ap- 
proach [23], the theory becomes nonrenormalizable upon introducing fermions, already 
at first order in a |131| . From a more conceptual point of view, the validity of the 
expansion in a is questionable: There is no indication the series converges. But if one 
expands only to some finite order, the theory is local, in spite of the fact that nonlocality 
was the main motivation for the introduction of the noncommutative Minkowski space 
in [17]. 

4.3. The twist approach 

There is currently no consensus about how to formulate gauge theories in the twisted 
setting. We limit ourselves to introduce the different points of view. 

Regarding a gauge theory as given by a vector bundle, one can consider the module 
E of sections, as done above. It is then in the spirit of the previous chapter to twist the 
action of the algebra on the module, i.e., to consider the map 

E <g)* A* -» E 
((f), a) i— > (f)* a. 

In the same spirit, one also has to change the metric. E.g., if s, is an orthonormal set of 
basis sections, then the new metric is given by 

s^i, ^ SjV>j)* = ^2<i>i*il>i. (4.11) 

i j i 

Also connections can be twisted, they are now maps E — ► E®+ Q}(A+). In this way, one 
simply recovers the setting of the module approach. This seems to be the point of view 
taken in [38] . 

A different proposal [1271 [7J is to retain the gauge group and its action from the 
commutative case, but to twist its coproduct. Thus, if 6 a is a gauge transformation, 
one defines A±(8 a ) = T~ x o A(5 Q ) o T . It fulfills^ 8 a o [i* = /x* o A ic (5 a ). This approach 
has the advantage that there are no restrictions on the gauge groups or representations. 

6 From the point of view of differential geometry, this requirement seems to be a bit strange, since S a 
should act on bundle sections, which are not multiplied anyway. 
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However, there are other problems. Assuming one has a matrix representation of the 
gauge groups with generators T a . Then the covariant derivative is given by 

Defining the field strength as the commutator of two such covariant derivatives, one 
obtains 

= T a {d^Al - d v Al) - ieT a T b * A b v — A%* A\) 

This field strength depends on the representation and is in general not in the Lie-algebra 
generated by the T a 's. Furthermore, considering a SU(N) gauge theory in the fundamen- 
tal representation, one simply recovers the usual noncommutative U(N) field strength 
and action. 

Yet another point of view was taken in |19j . There, not only the gauge group and its 
action are as in the commutative case, but also the covariant derivative. The bundle 
metric is twisted however, as in (|4.1ip . Thus, one has to use the twisted coproduct on 
elements of E ® E, e.g., but the old coproduct on terms like A^cj). 

4.4. Electrodynamics 

In this section, which is partly based on |134j . we study classical electrodynamics on the 
noncommutative Minkowski space (NCED) in the unexpanded (module) approach, i.e., 
we have to use covariant coordinates to define local observables. In a couple of publi- 
cations (e.g. [2TJ HS1 [Ml E] ) j NCED has been treated in the Seiberg-Witten approach 
to first order in a. One of the main results was that the speed of light in a constant 
background field is modified [75j[28l[T]. In |21j . corrections to the Coulomb potential 
were calculated. It is an interesting question whether the module approach leads to the 
same results. One of the main goals of this section is to answer this question. 

An important point we have to clarify is the differential calculus we use. At first 
sight it seems to be convenient to use the universal calculus, since then the covariant 
coordinates L{f) are defined for all /. However, the following problem appears: The 
noncommutative analog of the action in the commutative case is 

S =~\j tfqF^F^ 

with 

Fp, = ~ ((F, ® 8 V ) - (F, d v ® 
e 

If we choose a basis section and define 

A M = (4,0 M ), (4.14) 

the definition (|4.13p coincides with the one given in (|4.2p . Variation of the action now 
yields an equation of motion for A^. Suppose we have solved these. In order to compute 
the covariant coordinate L(f) for an arbitrary /, we need to know the universal one-form 
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(4.12) 



(4.13) 



4.4. Electrodynamics 



A. This, however, is not determined by An. In order to see this, suppose we have found 
A such that (|4"l4"l) holds. We can now simply add terms of the form f^duQ^ 1 — d u g^ 
to A without changing A^. Thus, it seems natural to work in the reduced differential 
calculus introduced in Example 14.1.41 because there the knowledge of A^ completely 
determines A. But then we can not compute the covariant coordinates for any element 
of the algebra, only the X^'s corresponding to the g^'s, cf. (|4.3|) . 

Thus, we have to define functions g(X) of the covariant coordinates. This can be 
done in analogy to the Weyl-Wigner-Moyal calculus: Let g be a Schwartz function on 
M 4 . Then define 

g(X) : = (2vr)- 2 J d 4 k g(k)e- l ^ X ", (4.15) 

where g is the Fourier transform of g. In order to have a well-defined expression, it is 
crucial that X^, and thus A^, is self-adjoint. The field strength can now be evaluated 
with the observable 

J d\ h^(X)F^. (4.16) 

Here the (tensor valued) test function encodes the localization properties of the 
detector. 

Remark 4.4.1. From a conceptual point of view, it would we nice to have a state on 
the algebra Endyi(i?). But the observable (|4.16p is in general neither normalized nor 
positive. Note that the the map g \—* g(X) does not preserve positivity (this is already 
the case for A = 0). Thus, it does not suffice to take a positive test function g. In 
order to have a positive evaluation functional, one could adopt the following procedure: 
Choose a Schwartz function /. Then g(X) := f(X)*f(X) is positive, and the functional 

fd 4 qg(X)F^ 
J d 4 g g{X) 

is positive and normalized. The test function / encodes the localization properties of 
the detector. However, the exact correspondence is not known. It would of course 
be desirable to choose / such that the resulting uncertainty is minimal, but this is a 
difficult problem for general A^. Observables of the form (14.170 were used in [134] . In 
the following, we will mostly use the observable (|4.16|) . As long as we are only interested 
in the frequency content and not the amplitudes, the conclusions we draw will be the 
same. 



4.4.1. The free case 

From the action (|4.12p one obtains the equation of motion 

d, L F^ -ie[A^F^} = 0. (4.18) 

In the following, we construct three solutions of this equation, a constant field, a plane 
wave, and a superposition of both. We also evaluate the field strength in covariant 
coordinates. We remark that in |16j a solitonic solution has been treated in the same 
formalism. 
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4. Noncommutative gauge theories 
Example 4.4.2. Setting 

Af, := c^q u , c pv e R (4.19) 

we obtain the field strength 

Ffu, = c Vfl - + e(cac T )^ v . (4.20) 
The covariant coordinates are 

Xf = tf + e(<rc)W = (1 + eacY u q v . 
For the field strength observable (j4.16j) . we obtain 

d\ h^{X)F^ = F^ j d\ = (27r) 2 |l + eac|- 1 F^V(0). 



Using the normalized observable (|4.17|) . we would simply find F^ v . Thus, in Exam- 
ple we will interpret F^ v as the actual (background) field strength. 

Example 4.4.3. A plane wave is given by the vector potential 

a ll = b ll (e- ik * + e ik *), b^eR. (4.21) 

The resulting field strength is (the f^ v here should not be confused with the commutative 
field strength from the Seiberg-Witten map) 

Uu = - i{k„b v - k u b^(e~ ikq - e lkq ). 

In Lorentz gauge (kub^ = 0), the equation of motion is then solved for k 2 = 0. The 
corresponding covariant coordinates are 

X% = q" + ecr^K{e~ ikq + e ikq ). 

The field strength observable (|4.16p now yields 

J d A q h^{X 2 )f^ = -2ik»b v (2ir)- 2 J d 4 p h^(p) f d 4 q e^^e - *** _ e **«). (4.22) 
Here we assumed h^ u to be antisymmetric. To evaluate the traces, we express e~ ip 2 as 

e -ipq-iepab(e- ikc i+e ik i) _ e -ipq e -iepab(P(pak)(e~ ik i+e lk i)-iQ(pak)(e- ik i-e lk i)) ^ 23) 

with P{x) = and Q(x) = cos ^~ 1 . A proof of this equation can be found in Ap- 
pendix [BTj We expand the second factor in e and obtain 

d 4 q e - ipX2 (e- ikq - e ikq ) = (2vr) 4 {5(p + k) — 8{p - k) 

+ 2iekab(5(p + 2k) + S(p - 2k))} + 0{e 2 ). 
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At zeroth order in e we thus find a plane wave with wave vector k, as expected. It 
is easy to see that at nth order in e we get a sum of plane waves with wave vectors 
(n' + l)k,n' < n, i.e., higher harmonics appear. However, these are suppressed by 
a factor (kab) n . In real experiments, kub is a very small quantity. For a bunch of 
the presently must powerful coherent soft X-ray source, FLASH at DESY, it can be 
estimated to be of the ordei0 10 18 m~ 2 A^ c . This is very small, even if A nc is close to 
the scale of present-day accelerators. 

The appearance of higher harmonics looks like a testable prediction, but there are 
practical and conceptual difficulties. First of all, in a laboratory one usually produces 
higher harmonics as well. Furthermore, we already mentioned in Remark 14.4. 1\ that one 
should rather use observables of the form (|4.17p . For such observables, the amplitudes 
depend on the test function used |134j . But the exact correspondence between the 
detector and the test function is not known. Thus the theory does not bear much 
predictive power concerning the higher harmonics. Nevertheless it is possible, also with 
observables of the form (|4.17l) . to determine the wave vector k of the plane wave (|4.2ip 
by local measurements of the field strength. We will exploit this in the next example. 

Example 4.4.4. Since the equation of motion (|4.18j) is nonlinear, the superposition 
principle does not hold any more. Nevertheless, it is possible to superpose the constant 
background field from Example 14.4.21 with a plane wave of the form (|4.2ip . But we will 
see that the wave vector is then in general no longer lightlike. We define the complete 
vector potential as 



where is given by (|4.19p and is of the form (|4.2ip . The complete field strength is 
then 




A u + a 



F »v = F w + d^a u - d v a^ - ie[A^,a u ] - ie[a^, A v \ = F^ u + & il a v - d' v a^,. 



Here is given by (|4,20p and we used the notation 



^uS ■= d^g - ie[A^,g]. 



Inserting this into the equation of motion (|4.18l) . we obtain 




U'a v = 0. 



(4.24) 



In order to solve it, we seek the coordinates q' dual to the derivatives & , i. 
Up to an additive constant, these are 



e., = S;. 



'» = (1 - eac T )-^. 



7 I thank B. Beutner for the relevant informations. 
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The equation of motion (|4.24p is thus solved by 

a M = 6 M (e-^' + e^'). 
with k • b = (pseudo Lorentz gauge) and k 2 = 0. The complete field strength is now 

Evaluating this in covariant coordinates, we see that the first term gives again the 
constant field strength F^. In the second term, we are once more only interested in the 
frequency content. The computation is completely analogous to the one in Example 14, 4. 3 1 
we simply have to replace pq by p(t + ecrc)q and kq by — eac T )~ 1 q. Thus, p is set 
to nonzero integer multiples of 

k' = k(t - eac T )~ l (l + eac)' 1 = k(t - eac T + eac - e 2 acac T )~ 1 = k(t - eaF)' 1 , 

which is then the wave vector that is actually measured. In order to compare this to 
the results obtained via the Seiberg-Witten map, we absorb e in A^: A' = eA^. Thus, 
F' = eF. Denoting by e and m the electric and magnetic components of a and by E 
and B the electric and magnetic field in F' , we then have 

k = k' (l - e • E) - k' • (m x E) 

k = k'(l - m B) + k' {e x B) - (k' • e)E + (k' • B)m. 
Assuming E = and k' > 0, this leads to 
k Q = k' Q 

|k| 2 = |k'| 2 (1 - 2m T • B T + 2k ■ (e x B)) + 0((aB) 2 ), 

where k is the unit vector in the direction k' and the subscript T stands for the part 
transversal to k'. Using k 2 = we find the modified dispersion relation 

J = |k'| (1 - m T • B T + k • (e x B)) + 0{{aB) 2 ). (4.25) 

This is in agreement with the results obtained in |75} |28| [1] via the Seiberg-Witten 
mapH. We mention that if one evaluates the field strength not in covariant coordinates 
but in the usual ones, as in [STIES], one obtains a different result. Thus, the covariant 
coordinates are really necessary to obtain the correct result. We also remark that, as 
shown in [95J, the group velocity obtained from (j4.25j) is not parallel to the wave vector k. 
Explicitly, one finds 

Vg = k(l - m T • B T ) + m T k ■ B + B T k m + e x B + 0((aB) 2 ). 

8 Note that [751 128j were only considering the case of space/space noncommutativity, i.e., e = 0. We 
also remark that in the original version of [T] a different result was obtained. The calculation was 
corrected after the calculation presented here had been published in [134]. 
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In order to discuss possible experimental tests of the modified dispersion relation (|4.25p . 
we estimate orders of magnitude. We consider a magnetic field of 1 T and assume 
the noncommutativity scale to be close to the scale of present-day accelerators: A nc = 
10" 20 m. We find oB « 10" 24 . Since this is a very small number, it seems to be neces- 
sary to consider astronomical experiments, where small effects have enough time to sum 
up. One might for example use galactical magnetic fields. In the milky way these are 
of the order of 10 -9 T, so the correction would be of order 10~ 33 . Multiplying by the 
diameter of the milky way, 10 5 ly, we find a shift in the arrival time of the order 10~ 20 s. 
This seems to be far too small to be detectable. There is also the conceptual problem 
of finding a reference signal. Similar considerations can be found in [75J. 

4.4.2. Coupling to a source 

We now discuss how to couple the electromagnetic field to external sources in the unex- 
panded (module) approach. Of course we want to keep gauge invariance. Thus, we add 
the term 



to the action (|4.12|) . This corresponds to the observable (|4.16|) . The prefactor has been 
introduced for convenience. Variation of F^ u with respect to A v leads to a contribution 
—D^f^ v {X) to the equation of motion (|4. 18[) . However, we also have to vary the A that 
enters the covariant coordinate X. In order to do this, we expand the exponential e~ lkX 
as a power series. Variation with respect to A v then yields 




(4.26) 



oo 1 n—1 



£ a £(-**> 

n=l m=0 



n—m—1 



{-iek^ u 5A u ){-ikX) 



rn 



Using the cyclicity of the integral, we can pull 5A V to the left, obtaining 




Now we need the following 



Lemma 4.4.5. Let C, D be elements of some algebra. Then we have 



oo ^ n—1 



S n! ^ 

n=l m=0 



•n— rn— 1 



DC 



'in 



e c P 1 {-ad c )D = Pi(ad c )£>e G . 



with 




(4.27) 
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A proof can be found in Appendix IB.2i Because of (|4.5p . we have [ikX,F Xp ] = 
—kaDF\ p . Thus, we finally obtain the equation of motion 

D p F^ = D^r{X) - i(2^)- 2 J d*k f^(k)(-iekare~ ikX P 1 (-kaD)F Xp . (4.28) 

It is highly nonlinear. In order to make it more plausible, consider the commutative 
limit: d p F^ v = d p f^ u . Interpreting the right hand side as a current, we have recovered 
the Maxwell equations. Thus, we propose the following procedure to study the effect 
of sources. Take a commutative current j u (x) and solve d p f^ u (x) = j u (x) for the 
commutative field strength f^ u . Now use (|4.15|) to define f^ v {X) and solve (|4.28p . This 
can probably only be done in the sense of formal power series in e. We study this 
approach in the following 

Example 4.4.6. We consider the case of a static source, i.e., j v {x) = <5gj(x). It is 
convenient to introduce a vector potential a v for f^ u . With the ansatz a 1 = 0, a (x) = 
a°(x), we gelH 

«°( k ) = fp ;^k) = -£^, 

with all other components vanishing. Expanding (|4.28j) in the coupling constant e, we 
obtain 

DpF^ = D p r(q) + a M (2vr)- 2 J d A k /> ' (k)(-ieka) x e-^ P 1 (-kad)A x 

- (2vr)- 2 J d A k f x P(k)(-ieka) v e- ikq P 1 (-kad)d x A p + 0{e 2 ). 

The second term on the left hand side, which is obtained from the expansion of f^ u {X) 
in e, has been calculated again by the use of Lemma 14.4.51 A simple ansatz is now to 
set A v = Aq + eA\ + 0(e 2 ) with Aq = a u {q). This solves the above at zeroth order in e. 
Due to the fact that only the 0-component of a is nonvanishing, we have [Aq,^4q] = 0. 
Then the equation for A\ is 

d^A\ - d v AD = a M (2vr)- 2 J d A k r»(k)(-ieka) x e~ ik < 1 P 1 (-kad)A x 

- (2tt)- 2 J d 4 k f Xp (k)(-iekay e - ikq P 1 (-kad)d x A p . (4.29) 

Because of P\(x) = e x / 2 (e x ' 2 — e~ x / 2 )/x, we have 

Px{ix)e-->* = (4.30) 



9 Here and in the following the Fourier transform /(k) of a time-independent function / is implicitly 
defined by f(k) = <5(fc )/(k). 
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With this, one obtains 



sin ^2 



<9 m (2tt)- 4 / ^k&S r{k)a\p){-ieko) x -^e-< k+ ^ 

J 2 

for the first term on the right hand side of (14,290 , In a similar fashion we get 

-i p - kap 

-UdaY(2n)~' / d 4 M 4 p f Xp { k )f^{p)^-e- i ^ 

J 2 

for the second term on the right hand side of (|4,29p . Thus, equation (|4.29p is of the form 

d^Al - d v AD = d^ u - ^{da) v D 

with C and D time-independent and C^ v antisymmetric and purely electric. This can 
be solved by 

Now we evaluate the field strength in covariant coordinates: f d 4 q h lxv {X)F IJ ' v . In zeroth 
order in e this is 

'd 4 A: h^(-k)F^(k) 

which is the same as in the commutative case. At first order in e, there is the contribution 
involving A±: 



2(2tt)- 2 f d 4 kd 4 p S(ko)S( Po )h^{-k) 



k» sin ^2 

|1_|2 kap 



{ ~ W 4 °(p)a A (k - p)(-ipa) x + l(fca)%(p)/>(k ~ p)}- 



Furthermore, there is an 0(e)-contribution from the the covariant coordinate in h flu (X), 
which can again be calculated by the use of Lemma 14.4.51 

/kap 
~ sin — 

dWp 5(k )8(po)h^(-k)^-p»(ka) x a»(p)a\k - p). 
2 

Combining these, one obtains 

kap 



sin — — 

d 4 M 4 p 5(k )5(p )^-a(p)a(k - p) 

2 



x ^,o( - /,-) i {kafp l + k-p{pa f^\ - ^h iu (-k)p ■ (k - p)(ka)^ 
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Here a stands for a . We note that the factor containing kop is 1 + 0((kap) 2 ), which is 
1 for all practical purposes. Thus, the 0(e) correction to the measured field strength is 



One could now use this equation as a starting point for phenomenological studies. But 
the correction will be very small for fa <C 1, which is the case for realistic field strength. 
We conclude that it seems highly unlikely that it will be possible to test classical non- 
commutative electrodynamics experimentally. 

Finally, we note that (I4.3ip is also the term of first order in a. We may thus compare 
it to the result obtained in [21] via the Seiberg-Witten map. But there the coupling 
term 



was used, with j v a conserved current. This does not coincide with the expansion in a 
of the coupling term (14.260 with (|4.8j) . (|4.9j) and j u = d^f^ inserted. Hence it is not 
surprising that the resulting correction to the field strength differs from the one found 
here. 

Remark 4.4.7. Note that the expansion in e that we use here and the expansion in 
a that is used in the Seiberg-Witten map are different. The expansion in e of e~ lkX 
brings, due to the form of X, a power of a for each power of e. However, we do not 
expand the noncommutative product. E.g., the zeroth order term of the expansion of 



e -ikx ig e -ikq which f u ifiii s the Weyl relation e - ifc <? e ~ ip9 = e 2*°* , e ~ i ( fc+p ) 9 and is thus 
still able to yield arbitrary powers of a. 




fi <-> v. (4.31) 
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The main goal of this chapter is the development of methods to study noncommutative 
quantum field theories in the Yang-Feldman formalism. We begin by introducing a 
graphical notation. Then we consider localized mass terms as interactions and study 
their adiabatic limit. This helps us to understand how to compute modified dispersion 
relations from perturbative calculations in the truly interacting case. Finally, we apply 
these methods to the (J) 3 and the Wess-Zumino model. We provide a rigorous definition 
of the nonplanar loop integral and show that the distortion of the group velocity is 
moderate for parameters typically expected for the Higgs field. 



5.1. Graphical rules 

The main idea of the Yang-Feldman formalism is as follows: One starts with some 
equation of motion, e.g., 

(□ + m 2 )4> = Xcp 2 (5.1) 

for the case of the </> 3 -model. As in this example, one splits it into a free and an interaction 
part. The free part should admit a well-posed Cauchy problem. One then defines the 
interacting field as a formal power series in the coupling constants, i.e., in the case (15, ip . 



Hnt — 

n=0 



Inserting this in (J5JJ) , it is straightforward to see that cf>o is a solution of the free equation 
of motion. Thus, it can be represented in Fock space in the usual way. One identifies 
it with the incoming field. The higher order components of <f>i n t are then computed 
recursively. For example, in the case (|5.1|) . one has 



n-l 



E A « x 



k=0 

Here A# is the retarded propagator and x stands for convolution, cf. f)2. 13j) . The first 
terms in the noncommutative </> 3 model are then 

4>i(<l) = J d 4 x A R (x)4> (q - x)(f) (q - x), (5.2a) 

(f) 2 (q) = / d 4 x A R (x) (<f>i(q - x)4> {q - x) + <p (q - x)<j>x{q - x)) . (5.2b) 
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In the notation of [IT], which is very similar to Dyson's doubled graph notation |54j . the 
two terms of 4>2(q) are graphically represented as 



Here the double line stands for the retarded propagator. The open circles symbolize 
uncontracted free fields, i.e., <j)Q. The vertex factors can be obtained by considering (j>\: 



Mk ) = A R (k ) / d%d% 5(k + h + k 2 )e-i k ^M-ki)M-k2)- (5.4) 



By equating the momentum of the incoming line with ko, and the momenta of the two 
outgoing lines with k\ and k 2 , respectively, we obtain, in momentum space, the vertex 
factor 



The graphs contributing to (j) n are then rooted trees with n inner vertices. This means 
that each graph begins at the root with a double line and each inner vertex is connected 
to the root via double lines in exactly one way. There are no loops. For simplicity we 
draw all uncontracted fields on a horizontal line. Since the order is important, lines are 
not allowed to cross. 

Quantum effects, i.e., loops, enter when contractions are considered. The simplest 
example occurs in <$>\. The contraction of the two free fields in (|5.4p is described by the 
following graph: 



The line connecting two open circles, i.e., free fields, is the free two-point function A+. 
In momentum space, 



instead of (|5.2ap . One can then split <p2 into a normal ordered and a contracted part. 
Graphically, we have 




(5.3) 
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. y . y 

and analogously for the second graph in (|5.3[) . As an example, we compute the two 
contracted graphs. We find 

Mk) = (2<K) 2 A R (k)Mk) I dH A R (k-l)A+(-l)e-^ k - l ^ l e^ k <- l \ 

Here the — sign in the second twisting factor refers to the first contraction while the + 
sign applies to the second. In the first case, the phase factors in the twistings cancel each 
other, while in the second case they add up. One speaks of a planar and a nonplanar 
part. Adding the terms coming form the second graph in (j5.3|) . one obtains for the 
contracted part of 02 , as in [8] : 

Mk) = (27r) 2 A R (k)Mk) J dH A R (k-l) {A+(-0 (l + e~^ 1 ) + A+(l) (l + e +ik ° l ) } . 

(5.5) 

The integral in this expression is not well-defined. Its treatment is discussed later. 
Assuming that we can give some meaning to the integral, it will be a function £(&). 
This is the analog of the self-energy in the conventional approach to QFT. The above 
equation then looks very similar to what a mass term would contribute at first order. 
To see this, consider, instead of (|5. 11) . the equation of motion 

(U + m 2 )(j) = -fjup (5.6) 

and take m to be the free mass. Then the term of order \x of the interacting field is given 
by 

01 (A;) = -A R (k)Mk). (5.7) 

Apart from the loop integral, this has the same form as (|5.5p . We can thus anticipate 
that £(&) gives rise a to mass (and also a field strength) renormalization. But before 
we discuss this, we want to treat another problem: The product on the right hand side 
of (|5.7|) is not well-defined. The distributions A R and 4>q are both singular on the mass 
shell and their wave front sets are such that their product can not be defined in the sense 
of Hormander J5U] . In contrast to the problem of defining the loop integral in (|5.5p , this 
is an infrared problem. We treat it in the next section. 

5.2. The adiabatic limit 

We have seen above that the higher order terms in the Yang-Feldman series are not well- 
defined. One should modify the equation of motion by introducing an infrared cutoff. 
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5. NCQFT in the Yang-Feldman formalism 

In a commutative field theory, this can simply be done by multiplying the interaction 
with a test function g, e.g., to consider 

(□ + m 2 )(j) = ~ng(j) 

instead of (|5.6|) . One can then proceed to calculate n-point functions of the interacting 
field. At the end, one removes the cutoff by sending g — ► 1, i.e., one performs the 
adiabatic limit. Then the following questions naturally appear: 

1. Does the adiabatic limit exist? 

2. One can declare parts of the free equation of motion as belonging to the interaction 
part. Is the final result independent of this ambiguity, and in which sense? 

3. What is an appropriate infrared cutoff in the noncommutative case? 

For the commutative case, the first question has been answered affirmatively by Epstein 
and Glaser [55]. The second question is related to the principle of perturbative agreement 
that has been introduced as a renormalization condition by Hollands and Wald [79]. In 
the following, we will discuss it for the case of a mass term in a commutative theory. 
The answer to the third question will be given afterwards in Section f5. 2. 21 

5.2.1. The commutative case 

Our starting point is the equation of motion 

(□ + m 2 )4> = -ug a <p. (5.8) 

Here {g a } is a sequence of test functions that converges in Om (the space of slowly 
increasing smooth functions, see [117] ). to the constant function 1. In this limit, the 
adiabatic limit, the above would be the equation of motion for a free field of mass 
\J m? + jU. In the Yang-Feldman approach, the interacting field is given by the formal 
power series 

oo 

4>int = } J fJ> n <t>n, 
n=0 

where cj) n is recursively defined by 

4>n = X (9a<Pn-l), 

4>q being the free field. The adiabatic limit of the interacting field does not exist. This can 
be seen as a consequence of Haag's theorem |76j . However, the so-called weak adiabatic 
limit, i.e., the adiabatic limit of the n-point functions of the interacting field, will exist. 
In the following, we discuss the two-point function 

(n\<f>int(f)(!>int(h)\n). (5.9) 
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5.2. The adiabatic limit 

Here / and h are Schwartz functions and 

= / d 4 x 0(x)/(x). 



Since the equation of motion (|5.8[) describes a free field of mass y m 2 + in the adiabatic 
limit, we expect to find, at nth order in fj,, 

j d 4 xd 4 y /(x)/»(y)i \ A + (x - y, m 2 ) (5.10) 

for a — > oo. At zeroth order in this is obviously the case. We take a look at the first 
order term in (|5.9|) : 

(n\{Mf)Mh)+Mf)Mh)}\n) 

. 2 

J^d 4 Xi f(xo)h(x 2 )g a (xi) 
=o 

x {A R (x - xi)A + (xi - x 2 ) + A + (x - xi)A A (xi - x 2 )} . (5.11) 
In our graphical notation, the two terms in (|5.1ip are expressed as 



xx 



+ 

X X 2 Xq X 2 



XX 



In momentum space, the right hand side of (|5.11|) is 

-(2tt) 2 J d 4 fc d 4 A:i f(-ko)kh)g a (h ~ ko) {A R (k )A+(kx) + A + (k )A A (kx)} 
Using (|A.3p and setting ±x = k®^ — w /i, this can be written as 
1 /-d 3 kod 3 ki 

7— / ax g a (ujx - uj - x, ki - k ) 

Z7T J ZLUq 2U)X 

x i /(-^o - x, -k )/i(cJi,ki) 



x + x + 2a;o + ie 
-f(-uo, -k )h(ux - x, kx) ( — L 1 ) ] . (5.12) 

We first deal with the two terms involving ^r^- We Taylor expand / and h, i.e., we 
write 

f(-u) - x, -k ) = /(-w , -k ) - xf(-u - x, -k ), 
/i(wi — x, ki) = /i(wi, ki) — xh(cox — x, ki), 
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5. NCQFT in the Yang-Feldman formalism 



2vr / cPk 



where / and h are smooth functions satisfying /(— uq, — ko) = d°f(—ujQ, — ko) and 
/i(cji,ki) = d G h(u)\, ki). Then the terms of zeroth order in cc cancel each other in 
(|5.12p . The terms of first order in x now yield 

2tt J d 3 k — {-d f(-io k , -k)h(u k , k) + /(-^k, -k)d h(io k , k)} 

in the adiabatic limit. 

Remark 5.2.1. Note that it was crucial here to consider the sum of the two terms on 
the left hand side of (|5.1ip . The individual terms are divergent. This is a nice illustration 
of Remark 4 in |55] . 

We still have to treat the remaining two terms in (15. 12f) . If we assume, in accordance 
with [55] , that g a is supported in a closed subset of V\ = {p E 1 4 | < 2m}, then 
the singularity x = =f2u> /i nes outside the support of g a . Thus, we may carry out the 
adiabatic limit and obtain 

-27T j d 3 k ^-^f(-u; k ,-k)h(u; k ,k). 
Combining all this, we get 

("4^ (-A;+)/l(A;+) " 4^ {9of(-k+)h(k + ) - /(-M • (5.13) 

Here we used the notation k + = (wk,k). Thus, the adiabatic limit of (15. 9p exists for 
n = 1. Using 

J ^k f(k)5'(k 2 -m 2 ) = j d 3 k (^Lf(k+,k) - i ^O /(fe +) k)^ , (5.14) 

it is easy to check that this coincides with (|5.10p for n = 1. That one obtains (|5.10p 
also for higher orders has been shown in a joint work with C. Doscher |5Uj . The proof 
involves rather heavy combinatorics and lies somewhat off the main line of this thesis, 
so we skip it. Further details can be found in We conclude that Question 2 from 
above can be answered affirmatively in the commutative case for a mass term. 

Remark 5.2.2. For the discussion above it was crucial that we were using a massive 
field. In the massless case, one has to deal with infrared problems. In order to circumvent 
these, one can restrict to test functions / and h that vanish in a neighborhood of the 
origin. Furthermore, we assume that the sequence of test functions g a has decreasing 
support, i.e., for each neighborhood U of the origin, there is an A £ N such that 
supp g a C U for all a > A. Now we take a look at ()5.12p again. The terms involving 
can be treated as before. For the other two terms we notice that, because of the support 
property of /, there is an e' such that |ko| > e'. Furthermore, we can choose A such 
that <7 a (|ki| — |ko| — x, ki — ko) vanishes for \x\ > e' for all a > A. Then the singularity 
m x+ 2\k \+ie ^ s n °t me ^ an< ^ one can carr y ou t t ne adiabatic limit. Obviously, the term 
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5.2. The adiabatic limit 



involving x _ 2 \k 1 \+i e can ^ e treated analogously. Thus, we obtain — (2ir)~ 1 9(ko)5 / (k 2 ) at 
first order in the adiabatic limit. It is then possible to extend this distribution in a 
Lorentz invariant way to the origin, but this is unambiguous only up to a ^-distribution 
at the origin, see, e.g., |113j . 

5.2.2. The noncommutative case 

In [T33J, it has been proposed to consider localized interaction terms of the form 

~ 2 / dA<1 9 ^ 9 ^ 

where {g^} and {g 2 } are sequences of elements of S 2 . With this term, we would get the 
equation of motion 

(□ + m 2 )0 = -|(^ +5 2^_ 
The first order term of the Yang-Feldman series is then, in momentum space, 
4> 1 (k) = -{2n)- 2 A R (k) 

3 

x / ]Jd\ 6(k-^h)gl(h)gl(l 2 )Ml 3 )cos(lMh-h)+hvh). 
i=l i 

Note that this would also be well-defined for g 2 = 1, i.e., when only one cut-off function 
is used. Computing the two-point function (|5.9f) at first order in fx, where now 

Hf) = j d 4 g Hq)f(q), 

one obtains 

- (2vr)- 2 J d%d% f(-ko)h(h) [A R (k )A + (ki) + A+(A:o)A A (A :i )} 

x J d%d% gl(h)gl(h)5(h -fa-h- h) cos(k a(h - l 2 ) + hal 2 ). 

The factor in the second line is a test function in ko and k\ (not in k\ — k^, as in 
the commutative case). However, it is easy to see that this poses no problems for the 
adiabatic limit0. Thus, at first order, the above cutoff works and reproduces the expected 
result in the adiabatic limit. One can also show that this works to all orders |50j. 

We have thus found an answer to Question 3 from above, for the case of a mass term 
as interaction term. But for truly interacting models problems appear. We are going to 
discuss these in the following subsection. 

1 In the expression analogous to (15. 12|) . one then has to Taylor expand also the cosine in the expression 
above. However, the supplementary term vanishes in the adiabatic limit, because of sinO = 0. 
Furthermore, the above restriction on the support of the cut-off functions g a can be implemented by 
restricting the support of gl and gi appropriately. 
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5. NCQFT in the Yang-Feldman formalism 
5.2.3. Interactions 

Again, we begin by considering the situation in the commutative case. As an example, 
we study the </> 3 model. Thus, we take the equation of motion (|5.1|) and multiply the 
right hand side with a test function g. We also subtract the tadpole from the start, i.e., 
we normal order <f>\. The first two terms of the interacting field are then 

01 =A R x (g:0o0oO (5.15a) 
4>2 =A R x (gcpicpo + 50o0i)- (5.15b) 

Computing the two-point function at second order in A, one finds the three terms 

(n\Mf)Mhm) + (n\Mf)Mhm) + (n\Mf)MhW). (5.16) 

For the moment, we focus on the first two terms (the third one will be discussed later). 
In our graphical notation, they are represented by 




Since we are in the commutative case, the vertex factors do not depend on the order 
of the momenta, so the other possible contractions give the same result. We thus get a 
factor 2 and obtain 

J d 4 xd 4 y f(x)h(y) J d A z 1 d 4 z 2 g a {zi)g a (z 2 ) 

x {a h (x - zi)A+(z 2 - y)2A R ( Zl - z 2 )A ( - 1 \z 1 - z 2 ) 

+A + (x - Zl )A A (z 2 - y)2A A { Zl - z 2 )A^(z 1 - z 2 )} . (5.17) 

Here we used the notation A^(x) = A+(x) + A + (— x). We remark that the first two 
graphs give rise to the first term in (|5.17p . while the second term comes from the last 
two graphs. The two single lines with different orientation in the first (last) two graphs 
combine to A^ 1 ). The product of this distribution with A R j A is ill-defined. However, as 
has been noted in [8], 

A {1) A R/A = -iA F A F - iA T A T . (5.18) 

The square of A^ is a well-defined distribution. The square of the Feynman propagator 
is a well-defined distribution on test functions vanishing at the origin. But it can be 
extended to the origin at the expense of a renormalization ambiguity in the form of a 
^-distribution at the origin [27]. Comparison with (|5.11|) shows that this corresponds to 
a mass renormalization. We also see that the UV and the IR problem are completely 
decoupled, since we could renormalize before carrying out the adiabatic limit. The reason 
why this is possible is that the theory is local [27] . 
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5.2. The adiabatic limit 



We denote the Fourier transform of the renormalized product of 2A^ and A# by 
(27r)~ 2 X. Now, after a change of variables, the above can be written in momentum 
space as 



(27r) 3 f ^d 4 Zdx g a (l - lu - x,l - k )<7 a (wi - fojki - 1) 

x \ /(-^o - x, -ko)M^i, ki)S(Z) 



x + ie x + 2ujq + ie 

-/(-wo, -ko)&(wi - x, ki)E(i - x, 1) f 1 . ) 1 . (5.19) 

\x + ie x — 2uj\ + ie J J 

Here we defined E(fc) = E(— A;). In order to treat the terms involving jx^, we expand 

/, h and E in x, as in Section 15.2.11 In order for the adiabatic limit to exist, it is then 
crucial that the zeroth order terms in this expansion cancel each other, i.e., E and S 
have to coincide in a neighborhood of the mass shell. This, however, is the case, since 
Ap is symmetric and the Fourier transform of A^ has support above the 2m mass shell, 
cf. (|5.18p . Hence, we may carry out the adiabatic limit and obtain 

-2nJ d 3 k (^f(-k + )h(k+)d Z(k + ) - ^ E(k+)f(-k+)h(k + ) 



^S(fc + ) [d f(-k+)h(k + ) - f(-k+)d h(k + )]\ . (5.20) 



4w k 



This can also be written as 



(2vr) 2 j d 4 k f(-k)h(k)E(k)-^A+(k). (5.21) 



Since E is Lorentz invariant, we have E(/c) = E(fc 2 ). The last three terms in (|5.20p are 
as in (|5.13j) . and thus correspond to a finite mass renormalization 



SmT = -A E(m ). (5.22) 
The first term is a field strength renormalization 

sz = ~ x2 w nm2) - (5 - 23) 

It remains to treat the third term in f|5. 16j) . In our graphical notation it can be 
expressed as 
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5. NCQFT in the Yang-Feldman formalism 

Again, we suppressed one other contraction. Taking this factor 2 into account, one 
obtains 

J d 4 xd 4 y f(x)h(y) J d 4 z l d i z 2 g a (z 1 )g a (z 2 )A R (x - z 1 )2A + (z 1 - z 2 ) 2 A A (z 2 - y). 

Here both propagators in the loop are A+, i.e., both loop momenta are on the mass 
shell. This is only possible if the incoming momentum is above the 2m mass shell. 
Furthermore, the loop integral is well-defined. Hence, this graph does not require any 
renormalization and is a contribution to the two-particle spectrum. 

Now we come to the noncommutative case, which turns out to be more problematic. 
In the example of the (p 3 model, a natural infrared cut-off would be to consider the 
interaction term 

3 J d A q g a (pga4>9a<P- (5.24) 

However, as has been shown in |133j . the n-point functions of the corresponding inter- 
acting field are all finite for g a 6 S 2 . Hence, there is no need to subtract anything. But 
obviously the planar parts will diverge in the adiabatic limit. This is another manifesta- 
tion of the UV/IR-mixing. In such a situation, one can not proceed as above. Note that 
it does not help to use only a single test function as infrared cutoff, because then some 
of the planar parts will be divergent before the adiabatic limit, while others are still 
regularized by the infrared cutoff. Also the use of the point-wise product with a single 
test function does not work. One can try to circumvent this problem by introducing 
counterterms of the form 




where m a (and possibly other renormalization constants) is chosen such that the limit 
a — ► oo exists and fulfills some renormalization conditions. But this seems to work only 
for logarithmic divergences: Assume the sequence {g a } is obtained by scaling from a test 
function with compact support. Then, if the mass renormalization of the commutative 
theory is linearly divergent, m a has to scale as ~ a. Looking at the first order term 
GIljB ^ is rather straightforward to see that in the limit a — > oo also terms involving 
8qJ will survive. It is not obvious that such terms cancel each other. This will make the 
whole procedure very complicated. The 3 and Wess-Zumino model, which we will study 
later in this chapter, are only logarithmically divergent, so one could use the procedure 
proposed here. However, QED is quadratically divergent by power counting. Only by 
invoking the Ward identity does it become logarithmically divergent. But since it is not 
clear how to formulate Ward identities in the present setting, it does not seem to be 
possible to treat NCQED in this way. 

A different idea would be to split the formal expression for cp 2 into a normal ordered and 
a renormalized contracted part, as in the previous section. The renormalized contracted 
part could then be cut off in the infrared like the <pi from the example of a mass term 

2 Of course this is the expression from the commutative case. But the reasoning in the noncommutative 
case is very similar. 
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as interaction, i.e., by multiplication with a single test function g a : 

Mk) = A R (k) (g a x (E0 O )) (k), 

cf. (|5.5p and (|5.7p . However, already in the commutative case this procedure would not 
work. Instead of (I5.12p . we would find 

1 fd^od 3 ^ 

x j/(-^Q -»,-k )^(a; 1 ,ki)S(a;o + x,k ) ( — — — — — —J 

-/(-^o, -k )^(^i -x,ki)S(wi -x,ki) ( — 3- — ^ — — J 1 . 

Contrary to the situation in (|5.19p . the difference of the arguments of the two S's is 
not just (x, 0). After a Taylor expansion in x the arguments do not coincide and the 
terms involving —j^- do not cancel, as in Section 15.2. H The expression does not have a 
well-defined adiabatic limio 

In an infrared cutoff was tentatively defined by multiplying the retarded propa- 
gator with a test function. But it was shown by C. Doscher [52J that with this cutoff 
the adiabatic limit is not well-defined, even in the commutative case. 

In the remainder of this thesis, we adopt the following point of view: In order to 
compute the two-point function {^l\(j){f)(j){h)\Q) of the interacting field at second order, 
we calculate the self-energy £(&) which is implicitly defined by 

4> 2 (k) = (2ir) 2 A R (k)Z{k)Mk) + n.o., (5.25) 

where "n.o." stands for the normal ordered part. Inserting this in (|5.2ip yields the sum 
of the first two terms in (I5.16p . The remaining third term in (I5.16P can be computed 
directly without any (implicit) infrared cutoff. 

Remark 5.2.3. To the best of our knowledge, an appropriate infrared cutoff and its 
adiabatic limit have not been discussed in the literature on NCQFT in the setting of the 
modified Feynman rules. In fact one would find the same problems that we discussed 
above. Our procedure to calculate the two-point function corresponds to the one that 
is implicitly adopted in the literature. 

Remark 5.2.4. The expression (I5.2ip will be crucial for the computation of the two- 
point function, also in the case of electrodynamics. Thus, we want to comment on its 
validity in the massless case. Assuming that S(/c) = E(— k) still holds in a neighborhood 
of the mass shell, the step from (|5.19p to (|5,2ip can be done as discussed in Remark 15.2.21 

3 This is very similar to the situation when one computes the two-point function in a different state, 
a KMS-state for example. Then, instead of the retarded propagator in the present case, the A+ is 
multiplied in momentum space with some function F(k) (and a corresponding negative frequency 
part is added). Also in this case one does not have a well-defined adiabatic limit, cf. [50] . 
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5. NCQFT in the Yang-Feldman formalism 

if one restricts to test functions /, h that vanish in a neighborhood of the origin. Using 
a scaling sequence of test functions g a with compact support, one can even show that 
the adiabatic limit of (|5.19p is well-defined and given by (|5.20p if — S(— k) ~ k 4 . 
A proof can be found in Appendix IB.31 



5.3. Dispersion Relations 

The goal of this section is to discuss, on an abstract level, some consequences of the 
modified dispersion relations at the one-loop level in noncommutative field theories. 
The self-energy will now be a function of (ka) 2 and k 2 (and possibly the sign of 
ko). Analogously to (|5.22p and (|5.23p . one can interpret this as a momentum-dependent 
mass and field strength renormalizatiorH: 

5m 2 ((ka) 2 ) = -\ 2 Y>((ka) 2 ,m 2 ), (5.26) 
5Z((ka) 2 ) = -A 2 (J^^) ((ka) 2 , m 2 ). (5.27) 

Remark 5.3.1. Although the naming might suggest this, we do not subtract these 
terms, since they are neither local, nor, in general, divergent. We remark, however, that 
such a subtraction has been proposed in [90]. See also the brief discussion in Chapter El 

One can also interpret the sum of the zeroth order contribution 

2tt J d A k f(-k)h(k)6(k°)8(k 2 - m 2 ) (5.28) 
and the second order term (|5.2ip as the expansion (in A) of 

2vr J d 4 k f(-k)h(k)9(k°)5(k 2 -m 2 + \ 2 Z((ka) 2 ), k 2 )) + 0(A 4 ), (5.29) 
which indicates a modified dispersion relation. 

Remark 5.3.2. This modification of the dispersion relation is a manifestation of the 
breaking of particle Lorentz invariance, cf. the discussion in Chapter[TJ However, particle 
Lorentz invariance of the asymptotic fields is a crucial ingredient of scattering theory 
and the LSZ relations, which are part of the foundations of quantum field theory. In this 
sense, the conceptual basis of the present approach is rather shaky. In the following, we 
will take a phenomenological standpoint and compute the distortion of the dispersion 
relation for different models in order to check if they are realistic. 



In the formula for 8Z one really only has a partial derivative with respect to k . Inserting the expression 

l(fccr) 2 d 

dk 2 c9(fc<r) 2 • 



for Sm 2 (instead of E) into (|5.20p . the first term generates the derivative d( - fc ' T ' > — 
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5.3.1. The group velocity 

We now discuss how to extract the group velocity in the above setting. Prom (|5,29p . 
and allowing for a finite mass and field strength renormalization, we get the dispersion 
relation 

F(k) = k 2 -m 2 + X 2 (S((A;cj) 2 , k 2 ) - a + (3k 2 ) + 0(X 4 ) = 0. (5.30) 

For a given spatial momentum k we want to compute the corresponding kP that solves 
(l5~30l) formal power series in A. We find 

k° = U j k - X 2 — (S((yfc +C j) 2 , m 2 ) -a + (3m 2 ) + 0(X 4 ). (5.31) 
2w k 



Note that in u->k = y |k| 2 + m 2 and k + = (o»k,k) the bare mass m enters. The group 
velocity is then given by 

Vk° = — + A 2 {Z((k + a) 2 , m 2 ) - a + (3m 2 ) 



By comparison with (|5.31|) . we get 

In order to make things more concrete, we choose a particular a, namely <ro, cf. (12.1 
Then we have 

\2 _ \4 1 1,2 , n 11, |2 



(ka y = -Xt lc (k z + 2\k ± \ z ) (5.32) 
with kj_ = (ki, 0, ^3). We also define kjj = (0, JC2, 0). Thus, in the case a = ctq, we find 

VA; = ^ + ^ (l + 2A 2 A^ C ^2 S((fc + a ) 2 , m 2 )) + 0(A 4 ). (5.33) 

Remark 5.3.3. This treatment differs slightly from the one given in [10] . There, X is 
not Taylor expanded in A. Then the argument of S in (|5.33p is not restricted to the 
mass m shell. It follows that by tuning a and (3 one can make the deviation arbitrarily 
small, which is not possible here. 



5.3.2. Acausality 

We recall that the main motivation for the introduction of the noncommutative Min- 
kowski space in |47| was the desire to implement the space-time uncertainty relations 
(jl.lal b). i.e., some form of nonlocality. It is not surprising that this nonlocality leads 
to acausal effects, see, e.g., [119} [25] . However, these are relevant only at the noncom- 
mutativity scale and are kinematical in the sense that the nonlocality was put in by 
hand in the very definition of the noncommutative Minkowski space. Here we want to 
discuss acausal effects that are created dynamically and are not necessarily limited to 
the noncommutativity scale. 
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Remark 5.3.4. In the literature, one often finds the statement that acausal effects can 
only occur in the case of space/time noncommutativity. For space/space noncommuta- 
tivity, however, there is the possibility of an action at a distance. In a different reference 
frame, this is again an acausal effect. 

The distortion of the group velocity was an effect of the momentum-dependent mass 
renormalization (|5.26j) . In the following, we want to discuss the effect of a momentum- 
dependent field strength renormalization. It multiplies, in momentum space, the free 
two-point function A+. But not only this propagator is modified. Consider a source 
term J d 4 q (fig for the interacting field. We define a new free field </>q = 0o + ^-R x 9- in 
the example of the <^> 3 model, we then hav^l 

4>i =A fi x (:0o^o : ); 02 = A R x (0i0o + 0o0'i)- 

At first order in g, the vacuum expectation value of 2 (&) is then, cf. f|5.25 j> . 

(2ir) A A R (k)V(k)A R (k)g(k). 

Assume that only a field strength renormalization is present, i.e., S(/c) = (k 2 — m 2 )S(/c). 
Then the above reduces to — {2i:) 2 K R (k)Y,(k)g{k). Hence, the effective retarded propa- 
gator is 

A R (k) (l-E(fc)). 

Note that here, contrary to (|5.27|) . is not restricted to the mass shell. In position 
space, the retarded propagator is convoluted with a nonlocal kernel. Obviously, this may 
lead to acausal effects. In Section [73] we will discuss these in the case of super symmetric 
NCQED. It turns out that the effect is independent of the noncommutativity scale. 

5.4. The 4> A model 

It was shown in [11] that the distortion of the dispersion relation in the </> 4 model is 
very strong and mainly affects the infrared. The strength of this effect is approximately 
of the order m~ 2 X~ 2 . Reasonable dispersion relations are only obtained for m ~ A^ c , 
which is not acceptable if we want to identify A nc with the Planck length. The reason 
why the effect is so strong in the cj) 4 model, is that it is quadratically divergent. The 
UV/IR-mixing transforms this into a strong distortion of the dispersion relation in the 
infrared. It is thus natural to consider models that are only logarithmically divergent. 
The simplest such model is the (p 3 model. Although it is nonperturbatively not stable, 
its perturbative treatment is well-defined. Furthermore, the loop integral that we will 
compute here, will also be important for our study of NCQED. 

The noncommutative ^ 3 -model was studied in \99\ IllOj in the context of the modified 
Feynman rules, in [12] in the Hamiltonian formalism, and in 74J in the Euclidean self- 
dual setting. In [8] the formal expression for one-loop self-energy in the Yang-Feldman 

5 Here we subtracted the tadpole, i.e., we used a normal ordering in the definition of </>'i. 
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formalism was computed. The aim of this section is to give some meaning to the formal 
expression and to evaluate it in order to compute the distortion of the group velocity. 
We also discuss the two-particle spectrum. 



5.4.1. The self-energy 

A formal expression for the self-energy was already computed in Section I5.lt From (15.51) , 
we read off 

E(fc) = J d A l A R (k - I) { A+(-Z) (l + e~ ik ° l ) + A+(Z) (l + e +ifoT/ ) } . 

This can be split into a planar and a nonplanar part. The planar part is exactly as in the 
commutative case. We recall from Section [5.2.31 that, because of (|5.18p . one recovers the 
usual Feynman loop integral. In particular, one has to perform a mass renormalization, 
since the loop integral diverges logarithmically. 

For later comparison with the nonplanar part, it is nevertheless convenient to compute 
the planar part of E(/e) formally without recourse to (|5.18p . We restrict ourselves to the 
case of timelike k with positive energy. Because of Lorentz invariance, we may choose 
k = (k , 0) with k > 0. Then, with (fO|) . we obtain 

E pl (k) = -(27T)- 3 I P- ( 1 ; + ! 1 



2 v k 2 uj\ + ie(ko — u>\) k 2 + 2v k 2 u>\ + ie(ko + u>\) J 

Since uj\ is positive, the singularity in the second term is avoided, so one can ignore the 
ze-prescription. In order to determine the ie-prescription for the first term, we consider 
its singularity at uj\ = Vk 2 /2. There, the prefactor ko — U\ is positive. Thus, we may 
write ie instead of ie(ko — Changing to spherical coordinates and carrying out the 
integration over the angles, one obtains 

roo i2 -1 

Z pl (k) = -2(2vr)- 2 / dl - (5.34) 
J uji k 1 - 4uf + ie 

This diverges logarithmically. For a timelike k with negative energy, one finds the same 
expression but with the opposite sign for ie. Even though S p / is not well-defined, we 
can (formally) compute the field strength renormalization: Differentiating (15.340 with 
respect to k 2 , cf. (|5.23p , one gets a convergent integral. For k in a neighborhood of the 
mass shell, the singularity at u>i = wk 2 /2 is not met and one obtains 

sz - ^'"iiS- < 5 - 35 > 

We now want to discuss the nonplanar part of £(&), i.e., 

Zn P (k) = J d 4 / A + (l)e ik ° l (A R (k + A R (k + /)) , (5.36) 
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for timelike k. In particular, we want to show that it is finite and that T, np (k) = Ti np (—k) 
in a neighborhood of the mass shell, as this was necessary for the derivation of (|5.2ip in 
Section 15.2.31 Note that the integral (|5.36p is neither absolutely convergent nor a Fourier 
transformation (since k does not only appear in the phase factor). In [51J it was shown 
that (|5.36p . for A; in a neighborhood of the mass shell, can be defined as an oscillatory 
integral in the sense of See also [52] . Here, we follow a slightly different approach. 

We interpret £ np not as a function of one, but of two variables: 

F(y, k) = f dH A+(/)e^ (A R (k - I) + A R (k + /)) . (5.37) 

This is an element of 5'(M 8 ): The integration of the expression in parentheses with a test 
function in k yields an element of Om, the space of smooth functions that are, together 
with their derivatives, polynomially bounded. The product of this with A+(Z) is then a 
well-defined tempered distribution, so that after integration over I one obtains a tem- 
pered distribution in y. The statement that F is an element of 5'(1R 8 ) then follows from 
the nuclear theorem. It is also easv to see that F is invariant under the orthochronous 
Lorentz transformation y i— ► yA T , k i— ► kA. 

In order to make contact with the original expression (|5.36j) . we have to set y = ka. 
It remains to investigate whether this is possible. A first step in this direction is the 
following 

Lemma 5.4.1. For k 2 £ {0,4m 2 }, the product A+(-)A#(& ± •) is well-defined as a 
tempered distribution. Furthermore, the map 

{k e M 4 |£; 2 $ {0, 4m 2 }} Bk^ A+(-)A R (k ± •) G S'(R 4 ) 

is smooth. 

The proof can be found in Appendix IB. 4i As an immediate consequence, the map 

{k e R*\k 2 <£ {0,4m 2 }} 3 k ^ F(-,k) G S'(M 4 ) 

is smooth. It remains to show that for fixed k, the distribution y F(y, k) is smooth 
in a neighborhood of ka. In the following we do this for the case of timelike k with 
k 2 ^ 4m 2 . Later we also comment on the case of spacelike k. Because of Lorentz 
invariance, we may choose k = (ko,0). Then (ka)o = 0, because of the antisymmetry 
of a. Moreover, (ka) 2 < —X^k 2 for a £ S, due to (|5.32p and Lorentz invariance. Thus, 
it suffices to show that y <— > F(y, (ko,0)) is smooth for y 2 < 0. 
Integrating F(y,k) with a test function f(y), we obtain 

J dH A+(Z) (A R {k -l) + A R (k + 0) J d"y e a yf(y). 

For k = (fco, 0), kQ > 0, we can proceed as in the formal calculation of the planar part, 
and obtain 

< 2 ^ 3 f di ^-Z l+K S i2a l iiy (5 - 38) 
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Here J d 2 Q stands for the integration over the ball of radius I. Because of Fubini's 
theorem, the last two integrations may be interchanged, and one obtains 



2(2tt)~ 



oo / 

dl ' 



2uji k 2 - Auj? + ie 



d 4 y e^^^m. 



\y\i 



Using = P- — m8(x), this can be split into the two terms 



(2vr)~ 2 lim 



I 2 

dl- 



J_/ Ae ™2£jyli /( ,,, 

^-+m 2 J 



\y\i 



(5.39) 



where D e = {I G E|0 < I < \Jk 2 j\ - m 2 - e, i/fc 2 /4 - m 2 + e < I < oo}, and 

I 



{27T)- 1 i 



dl —5(l - ^k 2 /A - m 2 ) [ d 4 y 6^ 7^ /(1;). (5.40) 

J \y\ I 



From now on we assume that / has compact support K such that y 2 < Vy £ K . This 
is legitimate, since we are only interested in the case of spacelike y. Interpreting the 
(^-distribution as a measure, one can use Fubini's theorem once more. Then the term 
(|5.40p reduces to 



(27r)- 1 i0(k 2 -Am 2 ) VJ/2 ^ h "~ 



4Vk 2 



d 4 y e* 



k 2 y 



sin I |y| \/k 2 — Am 2 
i |y| \Jk 2 — 4m 2 



/(»)■ 



Here / is integrated with a function that is smooth for |y| 7^ 0, in particular y 2 < 0. It 
remains to treat the term (|5.39p . For finite e one can interchange the integrations. But 
one still has to interchange the limit e — > with the integration over y. This can be 
done if the sequence of continuous maps 



K B y 



dl 



P 



1 



De 



2^z I 2 - ^ + m 2 



sin |y| / 



converges uniformly on K. That this is the case can be seen by adapting the following 
calculation: 



dl 



9y(l)-9y(-l) 



I 



Thus, for the term (|5,39p . we obtain 



(27T)" 



*7 



dt g'Jt) 



< 2(e - e) sup \g' y {l) \ . 
l 



d 4 y f(y) / dZ — P 



2w," p- ^ + m 2 



sin |y| / 



It remains to show that the integral over I yields a smooth function of y for spacelike 
y. Unfortunately, we were not able to do this directly by calculating it analytically. 
However, it can also be interpreted as an oscillatory integral in the sense of [111] . Using 
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Thm. IX. 47] it is then straightforward to prove that it is smooth for |y| 7^ 0, 
y 2 / 0. Thus, the map y 1— > F(y, (ko, 0)) is smooth for y 2 < and the diagonal F(ka, k) 
is well-defined and smooth for k timelike and k 2 ^ 4m 2 . Using Lorentz invariance, we 
obtain, for k in the interior of the forward light cone, 

J VI _ 4 m 2 sin ( \ J -{ko) 2 \Jk 2 - Am 2 ) 

E n Jk) =(2tt)- 1 ^(A; 2 - 4m 2 ) Vfc ^ (5.41a) 

P ' V ' V ' iVti 2 \^-{ka) 2 ^k 2 -Am 2 V J 

/ n 2 r° „ f 2 1 sin^-OH 2 / 
+ 27T- 2 / dZ — P— y_l^; . 5.41b 

We remark that for in the interior of the backward light cone one gets a — sign for 
the term (|5.41a|) . We also mention that this coincides with the result obtained in 
by interpreting T, np directly as an oscillatory integral. 

For the computation of the two-point function, we only need to know Y> np {k) in a 
neighborhood of the mass shell. There, the term (I5.41ap does not contribute. The 
remaining term (|5.41b|) is symmetric in k, thus we have H np (k) = T, np (—k) in a neigh- 
borhood of the mass shell, as required for the adiabatic limit. Furthermore, S np is only 
a function of (ka) 2 and k 2 (and the sign of ko) as postulated in Section [5\3l 

Remark 5.4.2. The interpretation of Ti np as a function of two variables has the following 
advantage over the interpretation as an oscillatory integral: For spacelike k, (|5.36|) is not 
an oscillatory integral in the sense of |lllj . see [5U [52]. But the knowledge of T, np (k) 
for spacelike k is necessary if one wants to consider higher loop orders. In the present 
formulation the loop integration is well-defined and yields the tempered distribution F. 
If it can be restricted to y = ka is then a question that can in principle be answered by 
computing F, although this may be quite involved in practice. We also remark that the 
interpretation of S np as a function of two variables seems to be necessary if one wants 
to use nonlocal counterterms to restore the usual dispersion relations, cf. [90] and the 
brief discussion in Chapter [HJ 

In order to estimate the strength of the distortion of the dispersion relation, we calcu- 
late 5m 2 ((ka) 2 ) and SZ((ka) 2 ) numerically. We use the parameters a = do (cf. (|2.1|) ). 
m = 10 _17 A~,f and A = m. If X nc is identified with the Planck length, this corresponds 
to a mass of about lOOGeV, i.e., the estimated order of magnitude of the Higgs mass. 
The chosen value of A is slightly above the expectation for the cubic term in the Higgs 
potential (~ 0.6m). Figure [5TT1 shows the relative mass correction m~ 2 5m 2 {{ka) 2 ) as a 
function of the perpendicular momentum k±, obtained with the numerical integration 
method of mathematic A (for the definition of k± , see Section 15.3. 1[) . We see that the 
relative mass shift is of order 1 for small perpendicular momenta. This might look like 
a strong effect. However, we have the freedom to apply a finite mass renormalization 
in order to restore the rest mass. The important question is rather how strong the mo- 
mentum dependence of the mass renormalization is. As can be seen in Figure 15.1} it is 
at the %-level for perpendicular momenta of the order of the mass. As a consequence, 
also the distortion of the group velocity is of this order, as we will show below. 



60 



5.4. The </> 3 model 



m- 2 5m 2 ( (ka) 2 ) 
-0.96 r 




A N c k x 

2 4 6 8 10 1CT 17 

Figure 5.1.: The relative mass correction m~ 2 5m 2 ((ka) 2 ) as a function of the perpendic- 
ular momentum k±. 

The plot for 8Z((ka) 2 ) for the same parameters is not very interesting, since 8Z is 
constant, —1.32477 • 10 -3 , within machine precision. This coincides with the planar 
contribution (|5.35p . The reason for this is easily understood. Differentiate the integrand 
in (|5.41bp with respect to k 2 . One obtains a function that, even without the factor 

sin l\J — (ka) 2 

is integrable. Without this factor, it would coincide with the corresponding planar 
expression obtained by differentiating (I5,34p , But the above factor deviates from 1 
appreciably only for I ~ (— (ka) 2 )~% , i.e., for very high energies, where the rest of the 
integrand is negligible. 

According to equation (|5.33p . the deviation of the group velocity from the phase 
velocity in the perpendicular direction is, to lowest order in A, given by 2X 2 Xf lc d ^ cr ^ i S np . 
Figure E21 shows this quantity for the same parameters as above. The deviation is biggest 
for small perpendicular momenta and at the %-level. 

We see that in the 3 model the distortion of the dispersion relation is moderate 
for realistic masses and couplings. This is in sharp contrast to the situation in the 
model, where realistic dispersion relations could only be obtained for masses close to the 
noncommutativity scale [11] . 

5.4.2. The two-particle spectrum 

We now discuss the third term in (|5.16j) . There are two graphs that contribute to it: 
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1 v x - / k° 
Hp / k° 




2 4 6 8 10 1CT 17 

Figure 5.2.: The distortion of the group velocity in perpendicular direction as a function 
of the perpendicular momentum k± . 




These are a planar and a nonplanar contraction. Their sum is 



(2vr) 4 / d A k f{-k)h{k)A R {k)A A {k) / d 4 / A + (l)A+(k + e ikal ^j . (5.42) 



Because both I and k — I are restricted to the upper mass shell, the loop integral is only 
over a compact set in momentum space. We can already anticipate that the nonplanar 
part is very close to the planar part for realistic momenta, because for such momenta 
the twisting factor is essentially 1. Nevertheless, we want to compute it explicitly. The 
loop integral is not only well-defined, but also invariant under a proper orthochronous 
Lorentz transformation k — ► kA, a — > A _1 cjA _1 . Thus, we can simplify the calculation 
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5.5. The Wess-Zumino model 



by choosing k = (&n, 0). Then we compute 

(2tt)- 2 6>(A;o) / — 5(k 2 - 2>/&u l )e i te 
J 2wi 



i ka \ 

2 fl 



/•OO 7^ /•! 

=(2 7 r)- 1 0(A:o) / d/ £(£; 2 - 2\/P^) / dx e <l*«J|l|* 

=(2vr)- 1 0(fc o ) /"°°dZ — -^M* - ~ m2)2 Sin , 1 ^ 1 - 



sin v /= MV3* 2 
<2tt)" 1 0(/« 2 -4m 2 )^(fe ) — 



2VFv z (^F 

Here feci stands for the spatial part of fccr. In the limit (ka) 2 — > 0, this yields the 
commutative result. Note that deviations from the commutative case become appreciable 
for —(ka) 2 ~ k~ 2 . It follows that if X nc is the Planck scale, the distortion of the two- 
particle spectrum is negligible for realistic momenta. 

Finally, we remark that the loop integral in (15.420 has its support, in momentum 
space, above the 2m mass shell. Thus, the ill-definedness of the product An(k)A.A(k) 
at k 2 = m 2 does not matter and (I5.42|) is well-defined. 



5.5. The Wess-Zumino model 

As we have seen in the previous section, the distortion of the dispersion relation in 
the noncommutative cp 3 model is moderate for parameters typically expected for the 
Higgs field. However, the 4> 3 model is not realistic: Although it is well-defined on the 
perturbative level, it is not stable. Furthermore, the comparison with the Higgs field 
is somewhat misleading, since the Higgs potential also contains a quartic term, which 
would change the dispersion relation drastically, as shown in [11]. Thus, it is natural to 
study the Wess-Zumino model, which is stable and contains both a cubic and a quartic 
term. Since it is also only logarithmically divergent in the commutative case, one may 
hope that the distortion of the dispersion relation is comparable to the one found in the 
3 model. 

The noncommutative Wess-Zumino model was first discussed in [63J for space/space 
noncommutativity in the setting of the modified Feynman rules. In [22] this was done 
in the superfield formalism. It was shown that the UV/IR-mixing is much weaker than 
in the ^-theory, so that the the theory is renormalizable to all orders. Here we want 
to treat it in the Yang-Feldman formalism. We use the supersymmetric version of the 
noncommutative Minkowski space introduced in Section [2.2.21 In order to arrive at the 
equations of motion for the component fields, we start from the Lagrangean in superfield 
form, taking particular care for the order of the fields in the different termg^|. 

6 This is important, since for example the tadpole corresponding to the interaction term <f>* tjxj)* <j> does 
not have a twisting factor, in contrast to the interaction term <f>* <j>* (jxj>, as noted in [5]. 
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In superfield form, the Wess-Zumino model is given by the following actiorQ: 

S = J d 8 q + S^J d 6 q + + h.c.j . 

Here 3? is the chiral superfield 

$ = + y/26 x + 2 F - iQuHd^ + -^6 2 d flX ^0 - -6 2 e 2 U(j), 

while (/> and F are complex scalar fields and x 1S a Weyl spinor. In component fields, the 
action is then 



/ d4 '( 



S = d\ \ ixa^x ~ 0*n<^ + F*F 



+ | (m ($F - ^xxj + A (#F - XX4>) \ + h.c. 

This leads to the equations of motion 

F + mcj)* + A(/>*0* = 0, 
-□0 + mF* + A(0*F* + F*cf)*) - Xxx = 0, 
i^dtiX -mx- K4>*X + X<t>*) = °- 

We eliminate the auxiliary field F using its equation of motion. Furthermore, we intro- 
duce the Majorana spinors 



Because of 2ipP + ip = xXi where P+ is the chiral projector defined in (|A.8h . we can write 
the equation of motion as 

(□ + m 2 )(j) = -2A^P_V> - mA(# + + #*) - A 2 (<j>* 4>4> + 
(i$ - m)i/} = \P+{H + 4<t>) + AP_(0> + ■#*)• 



5.5.1. The SUSY current 

We first want to discuss the changes that the noncommutativity brings in at the classical 
level. The equations of motion are the same, we only have to replace the usual product by 
the noncommutative one. But there are some changes for the currents. As we have seen 
in Section \2. 3. 1\ it is an interesting feature of noncommutative interacting theories that 
the local currents associated to symmetries are in general not conserved. In the following, 
we show that the local current associated to the supersymmetry transformation is not 

7 Our conventions on spinors and supersymmetry are summarized in Appendix IA. 31 
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conserved in the interacting case, i.e., for A / 0. We discuss this in terms of the 
superfield Its equation of motion is 

1 -o- 

— D 2 $ + m$ + = 0. 
4 

The super cur rent is given by 

V a& = -[£)«*, +i{$ a6t &,$} -i{$,$ a< i$}. 

Here we used a symmetrized version of the usual current, since this is usually advanta- 
geous in the noncommutative case. By standard methods (see, e.g., [1231 Section 15]) 
one can show that 

D & V a& = ^{D a <S>,D 2 ®} - ^{<f>,D a D 2 $} 
holds. Using the equation of motion, one obtains 

D^V a a = 2 {D a <£, (m$ + A$$)} - {$, D a (m$ + A$$)} 
= mD a § 2 + \[[D a 3>, $],$]. 

The first term in the second line is already present in the commutative case. It does 
not affect the charge corresponding to the supersymmetry transformation, but simply 
expresses the fact that the theory is not conformal. The second term, however, is a gen- 
uinely noncommutative one. It also affects the SUSY charge. Like the nonconservation 
of the local energy-momentum tensor, this effect does not show up in a perturbative 
treatment of the corresponding quantum theory, at least not at second order. 



5.5.2. The self-energy 

We now want to compute the self-energy £(&) of the scalar component of the interacting 
field at second order. Using the equations of motion, the first terms in the Yang-Feldman 
series are 

01 = -A R x (2tp P^ + m(## + fo^o + 0o0o)) , 
V>i = S R x (P+^o + V>o0o) + P-(4>o^o + ^005)) , 

and the analogous formulae for the conjugate fields. Note that we did not employ normal 
ordering for the definition of (j>\. As we will see below, this is not necessary here, because 
of the supersymmetry. The second order component of is 

2 = -ArX^P^ + 2^-^i (5.43a) 
+ m{<j>\<h + 050i + 0i05 + 0o0i + 0i0o + 0o0i) (5.43b) 
+ (0o0o05 + 050o0o)}. (5.43c) 
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For the computation of the graphs involving fermions, we need the formula^ 

S R (k) = - m)A R (k), 
S R (k) = (V-m)A R (k), 

(Q\^ a (k)^(p)\Q} =^(2Tr) 2 5(k+p)(k'-m)p a A + (k). 
We now have to compute the following graphs: 




Here we did not show all the different contractions that can appear, but rather subsumed 
them under "typical" graphs. Furthermore, we drew the graphs from left to right, not 
upwards. In fact we will not use the graphical rules for our computation, but compute 
the contractions in (|5.43al b.c) by hand. 

The cf) 4 tadpole is obtained from the term (I5.43cp . There are two planar and two non- 
planar contractions. We find the quadratically divergent contribution 

2 \ 2 /j4;a f7\ I 1 i „ikal 



V-t P (*0 = -2(2vr)- 2 A 2 J d 4 / A+(Z) (l + e 



The 3 tadpole is obtained from the term (|5,43bj) by contracting the tfio and c/)q in 4>i or 
<j)\ among themselves. In each (f>\ or <j>\ there are two such contractions. And there 
are four terms in (|5.43bh where a <po remains. Due to the retarded propagator 
with zero momentum connecting the loop with the line, the mass appearing in the 
interaction term cancels, and we obtain 

^_ tp (k)=8(2n)- 2 X 2 j d 4 l A + (l). 

Note that no twisting factor appears. 

The 4> ?J fish graph is obtained from the term (|5.43bj) by contracting the "outer" 0o (or 
4>l) with a 4>q (or 4>o) 

in (f)\ or 0* . One then collects all terms where an uncontracted 

4>o remains. We find 

S 3_fish(^) = 3m 2 A 2 J d 4 / A+(0 (l + e lk ° l ) (k R {k - I) + A R (k + /)) . 

The Yukawa tadpole is obtained from (|5.43bj) by contracting the fermions in <pi or <f>\. 
With the usual 7 matrix algebra (see Appendix IA.3j) , we find 



S Yuk (fc) = -8(27r)- 2 A 2 y d 4 / A+(/). 



3 The factor 1/2 in the last line is due to the Majorana nature of the fermions. 
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The fermion fish graph is obtained from the term (|5.43ap . The relevant part of fa, i.e., 
the part involving </>o, is 

Mk) = -4A fl (fc) J dHdH' cos^ 

x {^(k - l)P-S R (l)P + Ml ~ l')Ml')e~^ 1 

+4> (l - l')P + S R (l)P-$o(k - l)Ml')e~^ k ) . 
Contraction of the fermion fields now yields 

-2(2n) 2 A R (k)Mk) J d 4 l cos^ 

x jtr [P-(-f- m)P+(k' - t- m)) A R (l)A + (k - l)e~^ kal 
+ tr (P+({- m)P_(-# + 1- mj) A R (l)A+(-k + /)e~^ fc } 
= -2(27r) 2 A fl (fc)0o(fc) J d 4 / cos^ 

x {tr (P-(f- i - m)P + tf- m)) A R (k - l)A+(l)e~i lak 
+ tr (P+(# + ro)P_(f- m)) A R (£; + 0A+(/) e -t iCTfc } . 
With a little 7 matrix algebra, one finds 

tr (P_(# - m)P + (J - m)) = 2k ■ p. 

Thus, we get 

5VfishW = 2A 2 y d 4 / A + (0 (l + e^ 1 ) 

x ((jfe - I) ■ lA R (k -l)-(k + l)- lA R (k + 0) • 

Now we collect all our terms. The Yukawa tadpole and the (ft 3 tadpole cancel (this 
has to be so in order to have a vanishing vacuum expectation value of (pi). Using 

(I 2 - m 2 )A + (l) = 0, (I 2 - m 2 )A R {l) = -(2tt)- 2 , 

the combination of the other terms yields 

E(fc) = A 2 (k 2 + m 2 ) J d 4 / A+(0 (l + e ikrjl ) (K R (k - I) + A R (k + /)) . 

Apart from the prefactor {k 2 + m 2 ), this is exactly the expression we already found for 
the 3 -model. We remark that for the self-energy of the fermion, one obtains the same 
result. 
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The prefactor {k 2 + m?) is to be expected: Assuming that the nonrenormalization 
theorem still holds, we know that only the $$| 2g2-term is renormalized. From the free 
equations of motion 

(1 + 8Z)F - mcp* = 0, (1 + 5Z)U<f> + mF* = 0, 

one obtains, at first order in SZ, 

(□ + m 2 )(p = -5Z(U - m 2 )<j). 

Note that in our terminology, this corresponds to both a field strength and a mass 
renormalization. Explicitly, we have, after subtracting the planar part, 

5m 2 ((ka) 2 ) = - 2m 2 Z np ((ka) 2 , m 2 ), (5.44a) 
5Z{(ka) 2 ) =Z np ((ka) 2 ,m 2 ) + 2m 2 -^Z np ((ka) 2 , m 2 ). (5.44b) 

Here we used the S np from the previous section, cf. equation (|5.36p . From (|5.44ap we 
conclude that for a = o"o,m = 10 _17 A~ C 1 ,A = 1 the distortion of the group velocity is 
twice as strong as the one calculated in the previous section for the c/> 3 -model. Identifying 
<f> with the Higgs field, an effect of the magnitude might be measurable at the next 
generation of particle colliders. It could be worthwhile to study this effect in a full- 
blown phenomenological model like the MSSM, in particular including supersymmetry 
breaking. 
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6. Noncommutative quantum 
electrodynamics 



Now we bring together the results of the two previous chapters to study noncommu- 
tative quantum electrodynamics (NCQED) in the unexpanded (module) approach. In 
particular, we want to compute the correlation (two-point) function of the interacting 
field strength in covariant coordinates to second order in e. As in the previous section, 
we use the Yang-Feldman formalism for the definition of the interacting field. To the 
best of our knowledge, such a computation has not been done before: The calculations 
in the literature all use the modified Feynman rulea3, and are therefore not valid for the 
case of space/time noncommutativity. Furthermore, the covariant coordinates were not 
fully taken into account. Mostly, they were not used at all. In [71 } I114j . only a subclass 
of the contributions of the covariant coordinates were considered, namely those in which 
the fields, that the covariant coordinates bring in, all contract among themselves. As we 
will see later, the contributions from mixed contractions are important. 

In [77], the two-point function {U\A fM (k)A u (p)\0,) , i.e., without covariant coordinates, 
was calculated at second order in the setting of the modified Feynman rules, and it was 
shown that the nonplanar part of the photon self-energy is of the form 

D£(fc) = e 2 ((«r fc 2 - k^)^i(k) + ^p^E 2 (A;)) (6.1) 

with 

Ei(fc) = -(2ttY 2 \ ln(VP + 0(1), (6.2a) 

E 2 (jfe) = -(2vr)- 2 ^8 - h 2 {ka) 2 ^j + 0{k\ka) 4 ). (6.2b) 

Apart from a different prefactor for the second term in (16.2bj) . the same results were 
found in [86j with the background field method. From (|6.2bp it is obvious that the 
second term in (|6.ip is quadratically IR-divergent. This had not been expected, since the 
commutative theory is only logarithmically UV-divergent. In [97J, this was explained as 
follows: The underlying UV-divergence is quadratic by power-counting, only by invoking 
the Ward identity does it become logarithmic. In the nonplanar diagrams, however, 
the phase factor with the incoming momentum serves as an UV-regulator. Hence the 
quadratic IR-divergence in the incoming momentum. It was shown in [115] that this 
term is independent of the gauge chosen. 

1 In [105] the Hamiltonian approach was used and it was shown that the Ward identity is violated 
already at tree level. 
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The second term in (|6. 1|) is usually interpreted as a severe distortion of the dispersion 
relation [97], leading to tachyonic modes [115j . In [61] . it was argued that in the case of 
space/space noncommutativity, it leads to ill-defined terms in the effective action. Here 
we adopt the follwing point of viewll: In the full expression for the two-point function, 
^"(ka)^ ls multiplied with 6(ko)5' (k 2 ). The two distributions have overlapping singu- 
lar support, thus their product is not well-defined. In order to make it well-defined, 
one would have to add a nonlocal counterterm, i.e., there are nonlocal renormalization 
ambiguities (see section 16.101 for details). Then the theory loses its predictive power. 

Here, we compute the two-point function of the interacting field strength at second 
order in e. We consider pure electrodynamics, i.e., we do not include fermionic matter 
fieldsl. As was already anticipated in Chapter HJ the effect of the covariant coordinates 
can be accounted for perturbatively. One may hope that the use of covariant coordinates 
helps to tame the bad infrared behavior indicated in (16. ID . However, we find that: 

1. In order to set up the free theory, we have to use a modified product of quantum 
fields, which could also be interpreted as the subtraction of nonlocal counterterms. 

2. The contraction of two fields coming from the covariant coordinate yields a nonlocal 
divergence. Its subtraction can be interpreted as a normal ordering of e lkX . 

3. From the terms in which one power of e stems from the interaction and one from 
the covariant coordinates, we get a contribution that is nonlocal and divergent (a 
nonlocal expression multiplied with a divergent quantity). 

4. For the photon self-energy we recover, at leading order in (kcr) 2 — > 0, the re- 
sults obtained in the setting of the modified Feynman rules, i.e., the nonplanar 
contributions are of the form (|6.ip with Ex/2 given by (|6.2a[ l6~2bl) . 

The subtractions that are necessary in order to get rid of the divergences mentioned in 
3. and 4. have to be interpreted as nonlocal counterterms. It follows that the theory 
can at best be considered as effective. 



6.1. Setup 

In order to quantize noncommutative electrodynamics via the Yang-Feldman formalism, 
one needs a well-posed Cauchy problem. Thus, we have to break gauge invariance. We 
use the BRST formalism and introduce ghosts and antighosts c and c and the Nakanishi- 
Lautrup field B. Our Lagrangean is then 

L = —F^F^ + d^BA» + ^B 2 - d„cD»c. 

2 This argument was already used in [T3] in the context of quasiplanar Wick products for massless fields. 
3 This can be justified by the fact that at 0(e 2 ), the fermion contributions are exactly as in the com- 
mutative case [77] and thus not of interest for our study. 
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Here the covariant derivative of c is given by D^c = d^c — ie[Au,c]. The ghosts c 
and c are hermitean, respectively antihermitean, so the Lagrangean is hermitean. The 
corresponding action is invariant under the BRST transformation 

djrc = £§e{c, c }, 
5fc = £B, 
S^B = 0, 

where £ is an infinitesimal anticommuting parameter. Note that, due to the anticom- 
muting nature of the ghosts, the anticommutator in the second equation can also be 
expressed by the commutator of the spacetime part: 

{c,c} =(2vr)- 4 y a 4 k 1 d 4 k 2 (c(fc 1 )c(A; 2 )e- ifcl9 e- ifc29 + c(fc 2 )c(fci)e- ifc2 ' ? e' i/C19 ) 

=(2vrr 4 J d 4 hd 4 k 2 c(ki)c(k 2 )[e- ikiq , e~ ik *% (6.3) 

The first term in the Lagrangean transforms covariantly, 

^-iet[F^F^,c], 

so the integral over it is invariant. We now want to check the invariance of the sum of 
the remaining terms: 

S^BA 11 ) - S^cD^c) = -d^cS^D^c) = ^cS' 5' A» . 

Here we used the notation 6e = £5' . That 5'5'A^ vanishes is something we should check 
anyway: 

6^D^c) = |e^{c,c} - ie^{D^c,c} = 0. 

Thus we have also shown that 5' is nilpotent. 

From the above action, we obtain the equations of motion 

D^ u + d u B - ie{d u c, c] = 0, 
aB - = 0, 

c^ZV = 0, 
D^d^c = 0. 

6.2. The BRST currents 

As discussed in Section T2.3.14 the issue of current conservation is delicate in noncommu- 
tative interacting field theories. Here we investigate whether the local BRST currents are 
conserved. One could follow the procedure proposed in |133| to derive the correspond- 
ing equation directly from 5 and the Lagrangean. Here, however, we take the simpler 
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approach to postulate a current in analogy to the usual current of ordinary Yang-Mills 
theory and compute its divergence. The result is the same. Thus, we postulate (cf. [102J) 

1 1 ie 1 

f = -{B, D»c} - ~{d»B, c} + -{c, d»c, c} - -8 u {F^,c}. 

2 2b 2 

Here {-,-,•} stands for complete symmetrization. Using the equations of motion, the 
divergence of this is 

i,p 1 ip p^ 

V = -ji^B, [A^c]} - -{nB,c} + -{d^cd^c} - -{c, [A^c\,c}. 

The first term on the right hand side can be treated with the Jacobi identity 

{0"B,[A M ,c]} = [A^{d»B,c}] -{{A^d^Blc}. 

Furthermore, due to the equations of motion, we have 

ie{[A^d»B],c} - {DB,c} = - {D^B,c} 

={D^D V F^, c} - ie{D^c, c}, c} 

7 P 

= - l -{[F^,F^],c} - ie{{d»c,D^c},c}. 
The first term vanishes. Thus, we obtain 

2 

IP IP IP P 

d,f = - l -[A^B,c}\ - -{{d^D^c} + -{d^c,c\ - -{c, [A„,3"c],c}. 
With a little algebra, one can show that this is 

2 

IP IP IP P 

d^f = --[A^{d»B,c}\ + -[d»c, [cD.c]] + -Wc,c],D^c} - -[A^{c,d^c}\. 

The right hand side does not vanish in general. Thus, the local BRST current is not 
conserved. In the free case (e = 0), however, one finds the usual current conservation. 
One can do the same thing for the ghost current 

f = i (cD^c - d^cc) . 

Using the equations of motion, we find 

d^f = e[A^d»cc\. 

Hence, also the local ghost current is not conserved in the interacting case. 

That the local interacting BRST current is not conserved is probably not problematic, 
as long as 5' int is still nilpotent. This is the case if the renormalized Lagrangean is still of 
the appropriate form, i.e., if the usual relations between counterterms hold. In [96] . this 
has been checked at the one-loop level in the setting of the modified Feynman rules. Here, 
we will not repeat this calculation in the Yang-Feldman formalism. We note however, 
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that in [96] only the local counterterms, i.e., those that arise from planar graphs, were 
taken into account. These should be the same in the Yang-Feldman formalism. But we 
will argue in the following that nonlocal counterterms are necessary. Then the situation 
becomes more involvecEl 



6.3. The Yang-Feldman procedure 

We state once more the equations of motion: 

DAi" - d»d v A v + &*B = ied u [A u , A"] + ie[A u ,F u »] + ie{d^c, c}, (6.4a) 

aB - dpA** = 0, (6.4b) 

nc-iedp[Ai*,c]=Q, (6.4c) 

Uc-ie[A^,d^c] = 0. (6.4d) 

Choosing Feynman gauge, a = 1, and using (|6.4bp . we can eliminate the Nakanishi- 
Lautrup field B from (|6.4a|) : 

HA* = ied v [A u ,A»} + ie[A v , F^} + ie{d% c}. (6.5) 

Now we will use equations (16.50 . (|6.4cp and (I6.4dj) for the Yang-Feldman procedure. At 
first order, the interacting fields are 

A{ = iA R x {d x [A%, Aft] + [Ai d\Ay] - [Aq, d»A QX ] + c }} , (6.6a) 

d = iA R x {c^,c ]}, (6.6b) 

c 1 =iA R x{[A^d„c ]}. (6.6c) 

The photon field at second order is then 

A* = iA R x {d x [Al A%) + 8\[Aq, AD + [A\, d x A%\ (6.7a) 

+ [Al d x A<(] - [Al d^Aox) - [Aq, d»A lx ) (6.7b) 

+ {d»c l ,c } + {d»c ,c 1 } (6.7c) 

-i[A 0X ,[AlA%]]}. (6.7d) 

Now we have to clarify an important point. We recall from Section \2 . 3 . 2 1 that quantum 

fields are formally elements of $ <g> where J stands for operators on the Fock space. 
Their natural product is 

(<f>®f)-(i(>®g) = <H>®fg. (6.8) 



The nonlocal counterterms we will encounter are of the form 



Due to the antisymmetry of a, this is at least BRST invariant up to C(e 3 ). 
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Already in Remark 12.3-H we argued that this product is not always appropriate. Here 
we show that in the context of NCQED this product is in conflict with some general 
properties we would like to demand. First of all, in the classical theory, we have 

J d*q [A^E] =0, 

where E stands for any product of a field polynomial with a test function, i.e., an 
element of S2 ■ This is particularly important, since the commutator with A^ is part 
of the covariant derivative. However, this equation is no longer true in the quantum 
theory if one uses the product (16. 8p . This is a special case of the problem mentioned 
in Remark 12.3.11 Closely related to this is the fact that the above quantization does 
not have the right commutative limit, since A^ does not vanish there. Moreover, A^, 
when quantized with the product (|6,8p . has a nonvanishing, in fact divergent, vacuum 
expectation value. As an example, we compute it for the second term in (|6.6ap : 

J d A hd 4 k 2 e-^e-^faxiniA^h^ik^Q) - fc 1A (fi|i"(A;i)i A (fc 2 )|n)} 

= 2 J d A k k^A + (k). 

This diverges badly for [i = and is independent of er, so it does not vanish in the 
commutative limit. The third and fourth term in (|6.6ap contribute similar expressions 
(the prefactors differ), but these do not cancel each other. 

Finally, we mention the following conceptual problem of the product (|6.8p : Consider 
classical electrodynamics on the noncommutative Minkowski space. There the commu- 
tators appearing in the definition of the field strength and in the field equations refer 
only to the spacetime noncommutativity and are in this sense "kinematical" . If one uses 
the product (|6.8|) . one obtains for the commutator 

[4> ® /, V ® g] = \ ({</>, ® [/, g] + [4>, V>] ® {/, g}) ■ 

The second term on the right hand side involves a quantum commutator, which is deter- 
mined by the classical dynamics. It is strange to have this "dynamical" object involved in 
an originally "kinematical" one. We remark that precisely this second term is responsible 
for the problems mentioned above. Thus, it seems natural to replace the product (|6.8p 
by the symmetrized version 

(</> ® /) • ® g) = \ {(H) + M) ® fg. (6.9) 

Note that it is not associativ^f]. At least on a practical level, this is not problematic, 
since the only trilinear term in the equations of motion is a double commutator, which 

5 Although the product looks similar to that of a Jordan algebra, it does not give rise to a Jordan 
algebra. It is not even power-associative, i.e., the subalgebra generated by a single element is in 
general not associative, consider for example a\ ® bi + 0,2 ® 62- ■ 
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has a natural order of multiplication, i.e., 

3 

[A X , [A\A V ]} = (2vr)- 6 / l\d% ~{A\{k\),A x (k2)A v (kz)}[e~ ikiq , [e~ ik ^ , e~ ik ^]]. 

^ i=i 

(6.10) 

Note that, because of the presence of the commutator [e tk ' 2q , e lk:iq ], it is not necessary 
to symmetrize A x (k2) and A u {k 3 ). Furthermore, the product (|6.9p does not fulfill the 
Jacobi identity. At first sight this could be problematic, since it might lead to ambiguities 
in the quantization of the trilinear term in the equation of motion. This, however, is 
not the case, since [A\, [^4 A ,^4 M ]] becomes, by using the Jacobi identity, — [A x , [^4^, 
which has the same quantization as the original expression. 

Remark 6.3.1. From the point of view of the conventional product (|6.8p . the sym- 
metrized product (|6.9p arises by the subtraction of a nonlocal counterterm. To see this, 
consider as an example the difference of the expressions obtained by using the different 
products for (A^c) ■ A u . One finds 

^(2vr)- 4 ^y d 4 M 4 / c(k)A(l)e- tk ^ l \ 

Here the field c is smeared with the Fourier transform of the commutator function. Such 
a term is also not (/-local in the sense of |llj . 

Remark 6.3.2. In a sense the symmetrized product is implicitly assumed in the modified 
Feynman rules approach. There, the cubic photon vertex 




is obtained from the functional derivative 

5 5 5 
i — - - 

SA^ih) 5A^(k 2 ) SA^ifa) 

Here the As, and thus also the functional derivatives, are assumed to commute. Obvi- 
ously, this is very similar to our symmetrization prescription. We also note that from 
the above functional derivative, one obtains 

ie5(h + k 2 + k 3 ) sin ^ ( 9 ^(k 3 - h)^ + g^ z {k 2 - k 3 )^ + g^ 2 (h - k 2 Y 3 ) . 

As we will show in the next section one obtains the same vertex factor in the Yang- 
Feldman formalism if one uses the symmetrized product. However, using the old product 
(|6.8p . we would find a similar expression, but with i sin 2 ^ 3 replaced by —e~ l 2 . 



/ d A qd^A u [A^,A^]. 
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6.4. Graphical rules 

Now we want to state the graphical rules that follow from the definition of the interacting 
fields in the previous section. We begin with the computation of the cubic photon vertex 

p 2 k 2 H3h 



where the ki are incoming momenta. It is obtained from the part of A^iki) that is 
quadratic in Aq, i.e., the first three terms in (|6.6alk 

if (h) = -^r^A^x) J d 4 pid 4 p 2 J d\ [ e ^,e ip2 V &19 

x {(pi + 2 P2 ) P (AZ(- Pl )Ap(-p 2 ) + AF (- P2 )ig(- Pl )) 

-pf (AZ(- Pl )A 0p (-p 2 ) +i 0p (-p 2 )ig(-Pi))} ■ 

Now one simply has to equate the momentum and Lorentz index of the left /right field 
operators with those of the lines leaving the above vertex to the left/right. For the first 
term, this means replacing p\ by k 2 , p by p 2 , p 2 by k% and multiplying by g^ 1 ^ 3 . This 
way, we find the vertex factor 

ie{g^ 2 (ki -k 2 y 3 + g^ 1 (k 3 - h)» 2 + g fl2 ^(k 2 - k 3 )^) sin ^f^5(h +k 2 + k 3 ). 

(6.11) 

We remark that this is invariant under permutations of the legs. 
In order to find the factor for the quartic vertex 

P3&3 
p 2 k 2 ^~|^~-^ 4 £;4 

one has to consider the term (|6.7dp . cf. f)6. 1Q|) : 
if (h) = (27r)- 6 A R (k 1 ) ! ( d\ [e^,[e^,e^}]e ik ^ 

xi{i 0A (- Pl ),i A (-P2)if (-P3)}. 

We find the vertex factor 

(2ir)- 2 e 2 5(Y J h) {sin sin ( g ^ g ^ - 
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Note that this is not symmetric under permutations of the legs and does not coincide 
with the vertex factor found in the setting of the modified Feynman rules. The reason 
is that we did not use a total symmetrization of the quantum fields in A 2 ■ 

It remains to treat the ghost vertices. The relevant part of A\, i.e., the fourth term 
in (|6.6ap . is 

x Pi {co(-pi)c {-p 2 ) - c (-p 2 )c (-pi)) ■ 

Note that we antisymmetrized the ghost field operators. It is easy to read off the vertex 
factors 

k 2 h 

I = iefcf sin ^f^5(h + k 2 + k 3 ) 

For the vertices with incoming ghost or antighost, we find, using m 
exactly the same way, 

Hiki k 2 
V 

iek^ 1 sin ^f^5{ki + k 2 + k 3 ) = f 

4 

The factors for the vertices where the photon leaves to the right are the same, because 
photon and ghost fields commute. The ghost propagators are given by 

jfe.-^-. = (2tt) 2 A + (/c) = - 

Finally, one has to take the fermionic nature of the ghosts into account. Each graph 
is multiplied by (— 1)^, where I is the number of intersections of the ghost lines. For 
example, the contraction ''l r \~\ yields a factor —1. This completes the statement of 
the graphical rules. 

6.5. Covariant Coordinates 

We recall from Chapter 0] that the covariant coordinates are given by 

X» = q>> + ea^A u . 

In the present setting, they transform covariantly under BRST transformations: 

5(.X^ = -ie£[XV]- 



k 3 k 2 



fJ-lh k 3 

V 

n 

11 

A: 2 
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As in Chapter HI we use observables of the form 

J d\ r{X)F, lv . (6.12) 

Because of the cyclicity of the integral, these are BRST invariant. Again, we define 
functions of X a la Weyl, cf. (|4.15|) . It is thus desirable to find an expression for the 
exponentiated form e tkX as a formal power series in the coupling constant e. Note that 
we are not using the symmetrized product (|6.9[) for the definition of e lkX , since it is not 
clear in which order one should do that (we recall that the symmetrized product is not 
associative). However, we use it for the product of f^(X) and F^ u . 
The Nth order part of e lkX can be found by computing 

J_(d_\ N C +\D\ V- C n °DC ni . . . DC nN 

6 |A=0 ~ ^ (no + --- + n N + N)V 

no,...,njv 

Here C and D stand for arbitrary elements of some algebra. We are of course inter- 
ested in the case where C is replaced by ikq and D by ik^a^ ' A v . For the ith A, we 
write A Vi (q) = (2tt)^ 2 J dki A Vi {ki)e~ lkiq . The ^(fcj)'s can be pulled out of the expres- 
sion. If we then commute all the e~ lkiq, s to the right, we will have to replace (ikq) ni 
by (ik(q — aY2j<ikj)) ni . In order to deal with the resulting expression, we need the 
following 

Lemma 6.5.1. Let x,yi be pairwise commuting elements of an algebra. Then 
^ x n « (x + Vl )^ . . . (x + y N T" _ eX g y^ . . . y n N N 



n {n + ---+n N + N)\ ' ^ n (V^ <W + f)V 

n ,...,n N =0 ni,...,njv=0 ^ll'H + 1M ■ 



The proof can be found in Appendix IB. 51 We define 



00 -nN tsr^rn \n„ 



F N (Xi,...,x N ) = 2^ — 7 — ^ ; 

n 1: ...,n N =0 (]Ci=l( n i + l/ 

Note that, with this definition, P\ coincides with the Pi defined in (|4.27p . Thus, one 
obtains 



oo „ N 

e ikX = e ikqJ2 (ie) N (2tt)- 2N / Y[d A h e~ ikig ...e- lkNq kaA(k 1 )...kaA(k N ) 

at n J a — i 



N=0 " i=l 

x P^i—ikaki, . . . , —ikak^). (6.13) 

In Section 16.9.11 we will show that the products of fields in this expression are not well- 
defined and require normal ordering. 

Remark 6.5.2. Equation (16.130 is equivalent to the formula, cf. [461 115j . 

e ikX _ ^ikx ^ p gie dt kaA(x+tkcr) 

Here P* is the anti-path ordered ^-product. This is proven in Appendix IB. 61 
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It is straightforward to argue that for any operator E that transforms covariantly 
under the action of the translation group, e.g., E = 1, or F^Fxp, we have 

(n\ (| d\ f(x)E) |o) = (n\ (| d\ f( q )E) \n). (6.15) 

At iVth order in e, the left hand side is 

„ N N 

(ief \2n)~ 2i ~ N+ V / d 4 A;d 4 /JJd 4 fci f(-k)\(Sl\{ Y[kaA(kj), E(l)^\U) 
J i=i j=i 

x P N {-ikah, -ikak N ) j d 4 q e ikq e~ lkiq . . . e "^^-^ 



Because of the translation covariance of E, the vacuum expectation value is a multiple 
of 6(1 + Y^f=i kj). Then the integral over q yields a multiple of 6(k) and, for N > 0, the 
whole expression vanishes due to the presence of the N powers of k. 



6.6. The two-point function 

The goal of the following sections is to compute the two-point correlation function 

(U\ (| d\ r(X)F^ (| d\ h x P(X)F Xp ^ (6.16) 

of the interacting field to second order in e. Here we may assume f^ v and h Xp to be 
anti-symmetric. Because of the presence of the commutator term of the field strength 
and the covariant coordinates, a single observable (|6.12p contains, at order e n , n + 1 
photon fields. Thus, the two-point function (16.161) contains, at order e 2 , also three- and 
four-point functions of the photon field. We split the computation of (|6.16p into three 
parts: 

1. We expand the single observable (I6.12|) in powers of e, which is equivalent to an 
expansion in the number of photon fields. The result is written in the form 



/ 



d\ r(x)F lxv = J d A k r(-k)Kp V (k) 



where 



oo „ n 

K^(k) = e"" 1 / II d ^ (^ ki, . . . k n )A^ (h) . . . Ap n (k n ). 

71=1 1=1 

For our computation, we need the kernels K^l'"^" (k; k\, . . . k n ) up to n = 3. 
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2. We compute the n-point functions 

w^ n (h, ...k n ) = (o|i w (h) . . . A, ln (k n )\n) 

of the photon field. In the following, we call these the elementary n-point func- 
tions. For our computation, we need the elementary two-, three-, and four-point 
functions to second, first, and zeroth order, respectively. 

3. The two-point function (|6.16|) is now given by 

oo ~ ~ 



m=l 
71=1 



(6.17) 

Here we used the abbreviations k = (ki,... k m ), p = (pi, - ■ -p n ) and analogously 
for u and v. This will be called the full two-point function in the following. 

This is the program for the next three sections. We remark that (|6.17p can be straight- 
forwardly generalized for the computation of higher n-point functions. 

6.7. The computation of K^ v {k) 

The zeroth order component of K^ v (k) can be directly read off: 

K^(k;h) = -2i6(k - h)k^\ (6.18) 

Here we used the antisymmetry of f^ u . At first order, there are two contributions, one 
from the commutator term in the field strength and one from the covariant coordinate. 
We have 

-ie J d\ r{q)[A„A v ] = -e(2ir)- 2 J d 4 k f^(-k) 

x J d 4 hd 4 k 2 {A^k 1 ),A v (k 2 )}sm^6{k-k 1 -k 2 ). 

Using once more the antisymmetry of f^ u , this is expressed by the kernel 

K^(k;k!,k 2 ) = -2(2n)- 2 5(k - h - k 2 )5^ 5^ sin (6.19) 

In order to find the first order contribution from the covariant coordinate, we have to 
compute, cf. (|6.13p . 

2 J d\ r"(X)\ e d fl A u = e(27T)- 6 J d A kd A hd 4 k 2 f^i-kXikan-ih)^ 

x{i Q (fci),i,(fc 2 )}Pi(-^ ( rA ;i ) J d\ e ik i e - ikiq e~ ikM . 
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The integral over q yields [2'n) 4L e^ kakl 5(k — k\ — k 2 ). Using (|4.30p . we thus find the kernel 

K^ 2 (k; h, fca) = {2ir)-H{k-k 1 - k 2 ) {{ka)^k 2 ^ + {ka)^k^} k J 2 . (6.20) 

2 

At second order, there are again two terms. We start with the computation of the one 
involving the commutator term of the field strength and one supplementary field from 
the covariant coordinate. In the same manner as above, we find 



f d\ r{X)\ e [A^A v ] = -*e 2 (2^)- 4 ! d 4 k r{-k) I \{d% {ka) a 

i=l 

hAuk^AM^^Ahm'-^^sin^sik-Y.h). 



2 

This is expressed by the kernel 
K^(k;k) = -i{2nyH{k ~Y,h 



2 2 



Here we used again the notation /c = k 2 ,k 3 ). It remains to compute the term where 
the covariant coordinate contributes two powers of e. We have 



2 I d\ f^(X)\ e2 d fl A u = e 2 (2n)- s f d^JJd 4 ^ \-k)(ieka) a {iekaf \-ik 3 )^ 
^ ^ i=l 

x {A a (k 1 )Ap(k 2 ),A l/ (k 3 )}P 2 (-ikak 1 ,-ikak 2 ) j d\ e ikq e- ikiq e- ikaq e-* kaq . 
Thus, we find the kernel 

K^(k;k) =i(2ir)- 4 5(k-Y,h) (6.22) 
x {(fc CT )^H^)^^3MC^2(-i^i,-fA:cjA;2)e-^ 1<Tfc2 e-5( fc i+ fc 2) CTfe 3 

+(ka)> 12 (ka) fl[i k 1 ^ 1 P 2 (-ikak 2 , -i^K^^-f (fe+^i } . 

6.8. The elementary n-point functions 

The next step of the program outlined in Section 16.61 is the computation of the relevant 
elementary n-point functions. We start with the computation of the elementary two- 
point function. At zeroth order in e, we have the usual contribution to the photon 
two-point function: 

WV(M = ~( 27T ) 2 g^A + (k)5(k + P ). 
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There is no first order contribution. At second order, there are three terms, as in the 
case of the (j> 3 model, cf. (jfTTBJ) : 



(n\A 2ll (k)Ao v (p)\n) + {n\A „(k)A 2v (p)\n) + (n\A llA (k)A lv (p)\n). (6.23) 



As in the previous chapter, we treat the sum of the first two terms by computing the 
self-energy (A;) and then setting 



We recall from Remark (|5.2.2|) that this is only well-defined on test functions vanishing 
in a neighborhood of the origin. 

However, we begin with the discussion of the third term in (|6.23|) . As in the case of 
the (j) 3 model, it gives rise to the two-particle spectrum. 

Remark 6.8.1. It turns out that at second order the elementary two-point function is 
not well-defined because of infrared problems. Most of these can be avoided if one inter- 
prets it as a distribution on transversal test functions h u , i.e., k^f^{k) = k u h? = 0. 
The test functions that are used in the full two-point function at second order are of 
this form, because of the antisymmetry of f^ v and h xp , cf. the factor kn in (j6. 181) . 

6.8.1. The two-particle spectrum 

We have to compute these two graphs: 



According to the number of possible contractions and orientations, one has to double 
the first graph and to quadruple the second (it is not necessary to compute the other 
contractions, since the vertex factors are symmetric under permutations of the legs). 
Taking this factor 2 into account, we obtain for the first graph 



g^hk 2 -2k -1 + 2l 2 ) + {d- Q)k^k u + (3 - 2d)k^l v + (3 - 2d)l ll k v + {Ad - 6)l„l. 



W^(k,p) = (27T) 2 5(k+p)U flu (k)—^A + (k). 



(6.24) 





The contraction of the last two lines gives 
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Here d stands for the spacetime dimension. Although it will always be 4 in the following, 
write d in order to facilitate comparison with other results. For the second graph, we 
find, including the factor 4, 

-4(ie) 2 (2ir) 4 5(k + p)A R (k)A A (k) J d 4 / A+(0A + (jfc - I) sin 2 *f*(fc - l)^l u . 

Using l 2 A + {l) = and the change of variables / — ► k — I, we can combine the two 
contributions to 

2e 2 (2Tr) 4 5(k + p)A R (k)A A (k) J d 4 / A+(l)A + (k - I) sin 2 

x {4 (g^k 2 - k^K) + {d-2){k- 2l)„(k - 2l) v y (6.25) 

Some remarks are in order here. The loop integral is only over a compact set in momen- 
tum space and thus well-defined. Using l 2 A + (l) = once more, one can check that it is 
transversal, i.e., it vanishes after contraction with k^. Furthermore, using 

sin = , (6.26) 

one can split it into a planar and a nonplanar part. We remark that the — sign in (|6.26p 
is due to the fact that the interaction term is given by a commutator. It will lead to 
a cancellation of some infrared divergences. One of these is already present here: The 
product A R (k)A.A(k) is not well defined for k 2 = 0. We recall that in the massive case 
this problem does not show up, since there the loop integral has its support above the 
2m mass shell, cf. Section 15.4.21 In order to discuss the situation in more detail, we 
compute the loop integral explicitly. We can proceed as in Section [5.4.21 i.e., we choose 
k = (fco,0). One obtains 



/ 



d 4 l A+(Z)A+(fc - I) sin 2 m = 8(k )6(k 2 )— 1 



16tt ^ yj-{k<j) 2 x/Wjl 
This suffices to treat the first term in (I6.25p . We define 



In order to compute the second term in (16.250 . we note that because of transversality, 
symmetry, and Lorentz covariance, it will be of the form 

n^(fc) = 0(k o )6(k 2 ) { ( 9liu k 2 - k^K) t x {k) + {ka) { ff v t 2 {k)} . 

Here are only functions of (ka) 2 and k 2 . Then, for k = (ko,Q), k$ > 0, and in an 
orthogonal coordinate system such that ka is parallel to the spatial unit vector e u we 
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would find 

n^fc) = for fj, 7^ v or fx = v = 
^(fc) = -fc 2 Si(A;) Vi^i 

n M (fc) = -fe 2 S!(fe) - j^t 2 {k). 

That the first equation is fulfilled can easily be checked. In order to determine X1/2, it 
remains to compute W l (k) for i = 1 and j/t. In the first case, one finds 



(d - 2) y d 4 Z A+(0A + (fc - I) sin 2 ^4Z, 



o roc j3 rl 

= — dl -5(k 2 - 2Vk?l) / dx 
2vr J 2 



2 ■ 2 \J-{ko) 2 lx 

x sin — — • 



Because of 

b1 2 2 1 sin a cos a sin a 
dx x sin ax = 2 — ^ — h 2- 

-1 

we obtain 



3 a a 2 a 3 



n,,(fc) = e{k )9{k 1 )— { - - 



2 /c 2 I 1 sin V-(M 2 VW4 



8vr 1 3 y/-{ka) 2 y/WJl 



2 cos^^)VP74 2 sin^^)Vg74 

( yz(^)2yp74)2 (^r^ypyi) 3 

Similarly, one finds, for i 7^ z, 



!!«(*) = 9{k Q )9{k 1 )— { - + 



2 A A; 2 I 1 cos y/-{ka) 2 y/WJl sin y/ ~{ka) 2 y/WJl 



8vr [3 {yJ-ikaYy/WJl) 2 (vM^V^) 5 
Thus, we obtain 

E ffc) = -— {- + cos V /r (Wv / fc 2 74 _ sin^^gVg/4 | 
Svr \3 (^3(^)2^/^74)2 (73(^)2^^274)3 J 

E fit) = ( cosJ^kofy/WJl zmJ^kafJWjl 



sin v / -(fco-) 2 v / fc 2 /4 I 

fwv^ j ' 

We conclude that the contribution to the two-point function is given by 

W^{k,p) = 2e 2 (2Trf5(k + P )A R (k)A A (k) 

x e(k )8(k 2 ) { (g^k 2 - k^K) (t (k) + SiO)) + (ka) ( $: )v t 2 (k)} . (6.27) 
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We want to discuss the well-definedness of this expression. As already mentioned, the 
product Aji(k)AA{k) is not well defined on the light cone and singular as k~ A . Thus, 
we integrate W^ v {k,p) with test functions f^(k), h v (p) that vanish in a neighborhood of 
the light cone. In order to check whether it is possible to extend the distribution to the 
light cone, we need to know the asymptotic behavior of the E's. It is straightforward to 
check that for small k 2 , S /i ~ k 2 (ka) 2 and £2 ~ k 4 (ka) 4 . It follows that for the term 
involving £2 the singularity is cancelled and the distribution can be extended to the light 
cone. Using the theory of scaling degrees at submanifolds, cf. [27J and Section fo.lUl one 
can show that this extension is unique. The same argument can be used for the term 
involving g^ u k 2 . Thus, only the term proportional to k^ky is problematic. However, if 
we restrict to transversal test functions, as proposed in Remark l6.8.1l this term vanishes 
right from the start, i.e., before extending the distribution. The extension of a vanishing 
distribution is unambiguous and vanishes, too. We may thus conclude that (|6.27p can 
be defined unambiguously on transversal test functions. Once more, we remark that the 
cancellation of infrared divergences is due to the fact that the interaction is given by a 
commutator. 

6.8.2. The self-energy 

It remains to treat the first two terms in (|6.23j) . i.e., to compute the self-energy. We 
start with the computation of the tadpole, i.e., the following graphs: 




For the first and the third graph, we find 

-e 2 (d-l)A%(k)A R (k) J d 4 / A + (/)sin 2 ^, 

respectively. For the second graph, we find this twice. Thus, the tadpole contribution 
to the self-energy is 

H^(fc) = -4(2vr)- 2 e 2 (d - l)g^ j d 4 l A + (l) sin 2 

In the following, we write all the contributions to the self-energy in the form 

n^(fc) = 2e 2 j d 4 / A^(l)A R (k-l)sm 2 >f^ w (k,l). (6.28) 

For the tadpole this can be done using k 2 A R {k) = — (27r) -2 and the symmetry of A^: 

n%(k,l) = (d-l)g^(k-l) 2 . 
Now we come to the photon fish graph. We have to compute the following graphs: 
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These have to be counted twice in order to account for the other possible contraction. 
Similarly to the computation in the previous subsection, one obtains for the first graph 

- e 2 (2ir) 2 A u (k)A R (k) J d 4 l A + (l)A R (k - I) sin 2 ^ 

x {g^{5k 2 - 2k ■ I) + (d - Q)k^k u + (2d - 3) (2y„ - k^l v - l^K)} . 

For the second graph, one finds nearly the same expression, but with A + (l) replaced by 
A + ( — I). Taking the factor 2 into account, we thus obtain for the photon fish graph 

rflfc I) = -g^{hk 2 -2k-l)-(d- G)k„K + {2d - 3) {{k - + l„{k - 04 • 



It remains to treat the ghost fish graphs: 




We have to count these graphs twice, in order to account for the case where the photon 
leaves the second vertex to the other side. For the first graph, one obtains 

-e 2 (2ir) 2 A»(k)A R (k) J d 4 / A + (l)A R (k - I) sin 2 ^fl^(k - l) v . 

The second graph yields a similar expression, but with [i and v interchanged in the loop 
integral. For the last two graphs, one finds the same results, but with A + (7) replaced 
by A + (— /). Thus, the ghost loop contribution is 

7r$(k,l) = -(k-l) lx l 1/ -l tl (k-l)„. 
Adding all this up, we find, using l 2 A^(l) = 0, 

rft(k, l)=-(6-d) (g^k 2 - k„k v ) (6.29a) 
- 2{d - 2) {g^k -l-(k- l)„l u - l„(k - l) v ) . (6.29b) 

In the remainder of this subsection, we want to compute Ii fiu (k) explicitly. We do this 
separately for the planar and the nonplanar part, where the split is again given by (16.260 . 
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The planar part 

We first focus on the term (|6,29ap . It already has the usual tensor structure. The loop 
integral is the same as that of the fish graph in the massless </> 3 model and corresponds, 
in position space, to computing the point-wise product A^'Ajj. Using (|5.18l) and the 
well-known expression for the square of the Feynman propagator (see, e.g., [82J), we 
obtain, after renormalization, 



IV(£0 = e 2 (2Trr\g^k 2 - k^K) (in ~ 9{k 2 )e{k^\ . (6.30) 

Here \i is some mass scale that depends on the renormalization condition, and e is the 
sign function. 

In order to treat the term (|6.29bp in a similar fashion, we need the identity 
9 M A fl (x) = d^(x )A(:r) = 9{x°)d^A{x). 
Here we used 5(x°)A(x) = 0. Similarly, we obtain 

d^A F (x) = 0(x°)d M A+(zO + e(-x°)d tM A_(x) 

with A_(x) = A + (— x). One can now show that 

g flu d x A R d x A^ - d»A R d v A^ - d u A R d^A^ 

= -ig^ d x A F d x A F + 2id^A F d u A F - ig^ u d\A-d x A- + 2^A_<9"A_ 

holds. The first two terms on the right hand side are terms that one also finds in the 
two-point function of a nonabelian gauge theory. As there, their sum can be made well- 
defined (renormalized) in such a way that the Ward identity (transversality) is fulfilled. 
One then obtains the contribution 

in 



n^(fc) = ^(2vr)- V( 5 ^ 2 - kpK) (m ~ 9{k 2 )e{k Q Y- j . (6.31) 

We can already anticipate some potential infrared problems arising from (|6.30p and 
(|6.3ip : The expression is not well-defined for k 2 — > 0. Furthermore, U^ u (k) and n /Ltl/ (— k) 
do not coincide in a neighborhood of the forward light cone, because of the imaginary 
part. Such difficulties are typical for nonabelian gauge theories. We come back to this 
problem later. 

The nonplanar part 

Now we take a look at the nonplanar part. The loop integral corresponding to the 
term (|6.29ap is the same as for the massless c/> 3 fish graptj^l. We already treated this 



"Apart from the fact that the twisting factor already comes in as a cosine, but this does not change 
anything. 
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integral in the massive case in Section [5.4.11 by interpreting it as a distribution F(y,k) 
in two variables, cf. (|5.37j) . For the present case, we define 

F(y, k) = 2f d 4 / A+(Z) cos yl (k R {k - I) + A R (k + /)) . 

The proof that F(ka, k) is well-defined for k 2 > goes through also in the massless case. 
Thus, the term (I6,29ap yields a contribution to the self-energy of the foru0 

= {g^uk 2 - kfjzj) T, (k). 

But in contrast to the massive case, we can even compute So analytically: Due to Lorentz 
invariance, we can simplify the calculation by choosing k = (&o,0). Instead of (|5.38|) . 
one now has 



/* OO 1 /* " i I 7 

F(y,k) = 4(2.)- J A l l w -^__ J d *y m „yJZZL. 



We recall that e is the sign function. As in Section 15.4.11 we can interchange the inte- 
grations. The integral over I can be written as 

1 1 f°° 1 

h) = ~ Jo ^ k 2 /A-l 2 + l ee(k ) + Vo)l] + ~ Vo)l]} ' 

(6.32) 

We define 

sin[(a + b)l] 



G±(a,b,c) :=- \ 
a Jo 



dl 



c 2 ± ie — I 2 



insm(a + b)c If 00 ,, , , Nm 1 
=F — — + - / dl sm(a + b)lP- 



2 ac a J c 2 — I 2 

The second term is a standard integral. With [69, Eq. (3.723.8)], we obtain 



„+, , . «7r sinfo + b)c 1 . . , . 

G n (a, o, c) = =F 1 sin a + bjccUa + b)c — cos(a + b)csita + o)c . 

2 ac ac 



Here si and ci are the sine and cosine integral, see (jA.ip . We have 

F(y, k) = -\(2kY 2 [Of o) (|y| , y , y/tfji) + of o) (|y| , -y , xAV4)} • 

Applying the expression for Gq to (jQ2|> . we obtain, using Lorentz invariance, for k 
timelike, 

Eo(fc) = -(2vr)- 2 Gf o) (7^)2,0, v^)- (6.33) 



7 For our purposes, we need to know the self-energy in a neighborhood of the light cone, thus in principle 
also for k 2 < 0. However, it was not yet possible to do a rigorous calculation in this range (but see 
Remark 16.8. 2\ . Therefore, we compute the asymptotics k 2 — > only from inside the light cone. 
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It remains to treat the terms (|6.29bp . We define 

F tlv (y,k)=A J d 4 / A« (Q A R (k - I) cos yl{g^k-l- (k - l)^ - l^k -/),}. 
This is invariant under proper orthochronous Lorentz transformations, i.e., 

F mV (j/A t "\ kA)A- 1 ^A- lu l = F^y, k). (6.34) 

Using A^(l) = A_|_(7) + A_|_(— I), we obtain for the integration of F fll/ (y,k) with a test 
function f(y), for k = (/cq,0), 



4(2tt)- 2 y d 4 Z A+(0 



k 2 - 2Vk% + iee(k ) 

+ — ^-r„ — TfWi ■ 77 I f d V fwcosyl. 

k 2 + 2Vk 2 l Q + ie£(k ) 



The expression in curly brackets can be rewritten as 

4 



k 2 - 4/g + iee{k ) 



One may replace the powers of l p by derivatives acting on /. Therefore, we can compute 
exactly the same integral as above and then pull the derivatives back onto Fn V (this is 
possible if we assume / to have compact support). Thus, we have 

F^(y, k) = -4 {g^dy + d y ^d Vu - 6°d yo dy„ - 5®d yo d Vfl } F(y, k). 

As F(y,k), this is smooth for k 2 > 0, y 2 < 0. That this vanishes for /i = v = is 
obvious. We define 

G n (a,b,c) = —G£(a,b,c). 

Because of 

d yo F(y, k) = -\{2*)- 2 {cf o) (|y| , y , y/WJl) - Gf°\\y\ , -y , , 

the terms with fi = 0, u = i and vice versa vanish for y = (0,y), which is the case of 
interest for us. It remains to treat the case \i = i, v = j. The following identities hold: 

d yo d yo F((0,y),k) = - (2n)- 2 Gf \\y\,0, <JWJi), (6.35a) 

d yi d yj F((Q,y),k) = (^L-3m) (2^)- 2 Gf 0) (|y|,0,yP74) (6.35b) 

V|y| |y| / 

6 Jl _ (2n)- 2 Gf \\y\ , 0, y/W/i) 



\y\ |y| 3 / 

^|(2^)- 2 Gf o) (|y|,0,yF74). 

|y| 
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The contribution to the self-energy is given by U^ u (k) = e 2 F^ u (ka,k). We have shown 
that, for k = (ko,0), it is of the form 

Ikj(k) = -eXjk^k) + e 2( -^p^^ 2 (k), 

with all other components vanishing. The functions S1/2 can be read off straightfor- 
wardly from (I6.35ap and (16.35bjl . Because of Lorentz covariance, cf. (|6.34p . we then 
obtain, for timelike k, 

U^k) = e 2 { 9fiu k 2 - k^K) Ea(fc) + e 2 {k °lffi v Y>2(k) 

as the contribution of the term ()6,29bj) to the self-energy. For £3/2, we find 

si(fc) = - (2^2 { - cf o) (Vq^F,o, y/WJl) 

+ 3 7=fef G?*° ) (>/=(to0 5 ,O > 7^4) + S^cf^^^CM 2 ", 0, 

We emphasize that the nonplanar loop integrals are completely solved. To the best of 
our knowledge, this has not been achieved before. In the literature, only the leading 
behaviour for (ka) 2 — ► was computed. We want to compare with these results. Using 
the series expansions (|A.2j) of si and ci, one finds 

G$(a,0,c)= h-l + lnacTy) - — ( 7 " y + Inac T y) +0(a 4 c 4 ), 
Gf(a, 0, c) = - ( 7 + In ac ^ y J - — h - - + In ac ^ - J + 0(a 3 c 4 ), 

G^(a, 0, c) = y - c 2 (7 - 1 + Inac T y) + 0(a 2 c 4 ). 
Here 7 is the Euler-Mascheroni constant. Thus, we obtain 
Eo(fc) = - (2vr)- 2 fin sf^^af^WJl + 7 - 1 - e(*o)y) + 0((fccr) 2 fe 2 ), (6.36) 

= - (2vr)- 2 (J In + f 7 - | - e (M^y) + C((^ 2 ), (6.37) 

E a (fc) = - (2vr)- 2 (8 - hkafk 2 ] + 0{(ka) 4 k A ). (6.38) 



This is in agreement with the results obtained in [77] in the setting of the modified 
Feynman rules, cf. (|6.2at b). Adding (|6.36|) and (|6.37|) to the planar terms (|6.3U|) and 
()6.3ip . we obtain the following contribution to the self-energy 

IV(fc) = ~(2ir)- 2 e 2 (g^k 2 - k^K) (in ii^Akaf + 0{k 2 (ka) 2 )) . (6.39) 
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We see that the problematic term proportional to In k 2 drops out. Also the imaginary 
parts cancel between the planar and the nonplanar part at zeroth order in k 2 . Once more, 
this cancellation is due to the fact that we compute the difference between the planar 
and the nonplanar part, cf. (|6.26j) . which is a consequence of the interaction term being 
a commutatoiH. As discussed in Remark 15.2.41 we need U. fll/ (k) — IL^—k) ~ k A in the 
neighborhood of the light cone in order to have a well-defined adiabatic limit. Since this 
difference is given by the imaginary part, which is of order k 2 , the condition is fulfilled 
for the part proportional to g^k 2 . Formally, the term proportional to k^k u drops out 
when we restrict to transversal test functions, as proposed in Remark l6.8.1l Rigorously, 
one should check whether for such test functions a self-energy contribution proportional 
to k^k u vanishes in the adiabatic limit in a formula analogous to (|5.19j) . This is done 
in Appendix IB. 71 for scaling sequences of infrared cut-off functions g a with compact 
support. Thus, for transversal test functions, we obtain the following contribution to 
the elementary two-point function, cf. (|6.24l) . 

W^(k,p) = -h 2 g^\n^-{ka) 2 A + (k)8(k+p). (6.40) 

Here we used k = A+(fc). In Section^ we will discuss the well-definedness 

of the product of distributions in this expression. 

As is obvious from (|6.38p . the imaginary part of £2^) is proportional to k 4 . Thus, the 
condition Yi lJLV {k) — YL^ U (— k) ~ k A is fulfilled for this term and we obtain the following 
contribution to the elementary two-point function: 

WV(M = -e 2 5{k+p) {ka) { ^ (8^- 2 A + (k) - ^A+(*)) • (6.41) 

The well-definedness of the products of distributions in this expression will be discussed 
later in Section [6.101 

Remark 6.8.2. Above, we computed the self-energy U^ u (k) on the light cone by com- 
puting it in the interior and then taking the limit k 2 — > 0. In principle one should check 
whether one gets the same result by continuation from k 2 < 0. The knowledge of YL fll/ (k) 
for spacelike k is also important if one wants to consider higher loop orders. However, it 
was not yet possible to rigorously compute the nonplanar part of H IJiU {k) in this range. 
In Appendix lB.8l we show that a formal calculation of £q(&) for k 2 < 0, (ka) 2 > leads 
to 

Eo(fc) = -\(^r 2 {G +( v /r (^F, 0, 7^74) + G -(7^F,0, y^W/l)} . (6.42) 

This is the real part of the expression for timelike k, cf. (]6.33p . which may be seen as 
an indication that the approach taken here is consistent. 

8 To the best of our knowledge, this cancellation of infrared divergences between the planar and non- 
planar parts has not been noticed before. 
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6.8.3. The elementary three- and four-point functions 

We need the elementary three-point function at first order. Using the cubic photon 
vertex (|6.1ip . it is straightforward to obtain 

W E (k) = 2ie(2vr) 4 {g^^ih - k 2 ) fl3 + g^{h ~ h)^ 2 - h)^) 

+A + (k l )A R (k 2 )A + (-k 3 ) + A+^A+^A^)) . 

The elementary four-point function is only needed at zeroth order: 

W E (k) = (2vr) 4 (g^ 2 g^ 4 5(h + k 2 )5(k 3 + k 4 )A + (h)A + (k 3 ) (6.43) 
+ 9^ifi 3 9^4 S (h + h)S(k 2 + k 4 )A + (k 1 )A + (k 2 ) 
+g^i9ti2^{ki + k 4 )5(k 2 + k 3 )A + (ki)A + (k 2 )\ . 

6.9. The full two-point function 

Having calculated K fJiU (k) and the relevant elementary n-point functions, we now come 
to the third point of our list in Section IB~6l the computation of the full two-point function 
(|6.16p . At zeroth order, we find 

-4(2vr) 2 y d 4 k r{-k)h\(k)k^k x A + {k). 

There is no first order contribution. In the following, we compute all second order 
terms. Since they are not the main point of interest, the loop integrals leading to finite 
contributions to the continuous spectrum will not be computed explicitly. We order 
the presentation of the various contributions by the powers of e that the elementary 
two-point functions W^(k) contribute. 

6.9.1. Zeroth order 

If the elementary n-point function does not contribute any power of e, both powers of e 
must stem from the two kernels K^(k;k). We start by considering the case where both 
kernels are of first order. Using the kernel (|6.19p for both observables, one finds 

4e 2 J d 4 &d 4 p t v {-k)h xp {-p) j d s kd s p 

x5(k-^2 k i) S (P ~ Yj P ^ sin ^ sin 2l f 2a A + (fc 1 )A + (A; 2 ) 

x {9fixgu P S(ki +p\)5{k 2 +p 2 ) +gp P gy\8{k 1 +p 2 )5{k 2 +pi)}. 



92 



6.9. The full two-point function 



Here we suppressed the first term in the elementary four-point function (|6,43p . since its 
contribution vanishes because of the antisymmetry of a. Carrying out the integrations 
and using the antisymmetry of f pu and h Xp , one obtains 

8e 2 J d 4 k f^(-k)h^(k) J d 4 l A + (i)A+(jfc - sin 2 (6.44) 

This is a contribution to the continuous part of the spectrum. 

Now we consider the term where the kernel (|6.20p is used for the observable involving 
f pu and the kernel (|6.19p for the observable involving h Xp . One obtains 

- 2e 2 J d 4 kd 4 p f" u (-k)h xp (-p) J d s kd 8 p 5(k - k i)S(p - J^pj) 

■ k 1 ak 2 

x {{ka)^k 2 ^ + (karh^ }^£ r - sin af* A+fo) A + (fc 2 ) 

2 

x {9mX9ii2p s (h +Pi)$(h +p 2 ) + 9vip9» 2 \8(h + P2)S(k 2 +Pi)}- 

Again, we suppressed the first term in ()6.43p . Carrying out the integrations and the sum 
over the indices, one finds 

r r s i n 2 ML 

- 8e 2 J d 4 k r(-k)h\(k) J d 4 l A + (Z)A+(A; - l)—^^)^. (6.45) 

For the term where the kernel (|6.19|) is used for the observable involving ft*" and the 
kernel (|6.20p for the observable involving h xp one obtains, in the same way, 

r r gi n 2 ML 

- 8e 2 J d 4 k r{-k)h\(k) J d 4 l A + (l)A + (k - 1)—^^)^. (6.46) 

Both are contributions to the continuous part of the spectrum. 

It remains to calculate the contribution where in both observables the kernel (|6.20p is 
used. One finds 

e 2 J d 4 M 4 p f^(-k)h xp (-p) J d 8 kd 8 p5(k -Y,ki)5{p -Y,Pj)^+( k i)^+( k 2) 

sin gin 



x {(kark 2 ^ + (karh^}{(parp 2X 5^ + {pa)^p lx 8^ } 

~^T~ 2 

x {g^g^Hh +pi)$(k 2 +P2) + g^g^iHh + P2)5{k 2 +pi)}- 

Again, we suppressed the first term in (I6.43|) . That this is possible is a consequence of 
(|6.15p . One obtains 

sin 2 kal 



4e 2 / d 4 k r{-k)h Xp {k) j d 4 l A + (l)A+(k - Z)-^ 



(My 

x {gu P lM k °f + U k ~ l)\{ka) p {ka) v ) . (6.47) 
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A 



The integral over I is well-defined and gives a contribution to the continuous part of the 
spectrum. 

Now we consider the terms involving the second order kernel (|6.2ip and the zeroth 
order kernel (|6.18p . Using the kernel (|6.2ip in the first observable, we obtain 

- 2e 2 j d 4 kd 4 p P v (-k)h xp {-p) f d 12 k 5(k - ^ ki)p. 

sin fcf7fc i sin fcCTfc 3 

X { (kar ^ Sj« _^_JL_ sin M|M + {ko y, _^L_ sin hf* } 

2 2 

x {A + (fci)A + (/c 2 ) [g^^g^pdih + k 3 )5(k 2 +p) + g^ lP g P2 ^{ki + p)5(k 2 + fe 3 )] 

+ A + (fci)A + (fc3)g A11/i2 ^ 3p (5(A;i + k 2 )5(k 3 +p)}. 

After carrying out the integrations and the sum over the indices, four terms remain. 
These cancel each other. The same is true for the term where the kernel (|6.2ip is used 
for the observable involving h Xp . 

Finally, we consider the terms involving the kernel (I6.22|) . Using it in the first observ- 
able, we find 

2e 2 j d A kd A p f pu {-k)h xp {-p) j d 12 kS(k-^2ki)p x 

x {(fcCT)^^/fca)^ 2 A;3 M ^ 3 P2(-^afci,-fA:cjA;2)e-t /ci<Tfc2 e~t( fc i+ fc 2) CTfc 3 

+ ( ka) P2 ( ka) pz h^Sp P 2 ( -ikak 2 , -ikak 3 )e~ ^ k2ak:i e~ 3 {k2+ki )akl } 
x {A+{ki)k + (k 2 ) [g^g^pS^h + k 3 )5(k 2 +p) + g^ lP g^^5{ki +p)5{k 2 + fe 3 )] 

+ A + (ki)A + (k3)9n llMl g w 5(k 1 + k 2 )5(k 3 +p)}. 

This can be reduced to 

-2e 2 y d 4 k f pu (-k)h xp {k)k x A + (k) j dH A + (l)(2g pp kp{ka) 2 P 2 (-ik(jl,ikal) 

+ (ka)„(ka)plp {P 2 (ikal, 0) e - ikal + P 2 {0, ileal) - P 2 (-ikal, 0)e ikal - P 2 (0, -ikal)} ) . 
Using 

„, s 1 — e x + xe x „. . — 1 + e x — x 
P 2 (x,0) = = , P 2 {0,x) 



x 2 



one can show that the expression in curly brackets vanishes. Thus, we are left with 

-4e 2 / d A k f pv {-k)h x u {k)(ko) 2 k^k x A + {k) [ dH A + (l)P 2 (0,-ikal). (6.48) 



Here we used P 2 (x,—x) = P 2 (0,x). From the term where the kernel (|6.22p is used in 
the observable involving h xp , one obtains the same contribution, but with P 2 (0, —ikal) 
replaced by P 2 (0,ikal). We have 



P 2 (0,ix) + P 2 (0,-ix) = 2 



1 - cos x ( sin | x 2 



™2 \ x 

■ i \ 2 
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The combination of both terms thus gives 



- 4e 2 J d A k r(-k)h x v (k)(ka)%k x A + (k) J d A l A^lf-^^. (6.49) 

The integral over I can not be split into a planar (local) and a finite nonplanar part. 
There is no obvious way to define it rigorously. We want to compute it at least formally. 
We choose k = (ko, 0) and obtain 

, ,i sin 2\Ml roo l -i + cos(\ka\l) + \ka\lsi(\ka\l) 
dl - dx — 77-rr — = 4 / dl 



2 kcrl 



2 J_ x Mil J 2 i\kv\l) 2 

Here ka_ is the spatial part of kcr. This diverges linearly. We are faced with a nonlocal 
divergence. We remark that this term is obtained from the contraction of the two fields 
stemming from the covariant coordinates. Thus, subtracting it can be interpreted as a 
normal ordering of e lkX . More precisely, we would redefine f^ u — ► f pv + fj} v with 

/r(-fc) = (2nr 2 e 2 r v (-k)(ka) 2 [ dH A + (l)P 2 (0,-ikal), 



and analogously for h Xp . Alternatively, one could modify the action with a nonlocal field 
strength counterterm. That the contraction of two fields stemming from the covariant 
coordinate leads to a linear divergence has already been noticed in [71) . 

6.9.2. First order 

If the elementary n-point function contributes one power of e, then another one must 
come from the kernels. We first consider the kernel (I6.19p . Using it for the observable 
involving f^ u and the zeroth order kernel (|6,18|) for the second observable, one obtains 

8(2vr) 2 e 2 J d 4 k f^{-k)h xp (k)k x J d 8 k 8(k - ^ h) sin sin ^ 

x {g vp (k 2 + fc)„ - g w (h + k) v ) {A*(fci)AW(*2)A + (fc) + A+(A;i)A + (fc 2 )A A (fc)} . 

Here we already used the antisymmetry of to reduce the number of terms. For the 
two terms in curly brackets, one finds, respectively, 

24(2vr) 2 e 2 / d 4 k fr" (-tyh^ityk^kxA+ik) J d 4 l A^(l)A R (k - I) sin 2 (6.50a) 

24(2^) 2 e 2 J d 4 k /^(-kfh^k^kxAAik) J d A l A+(l)A + (k - I) sin 2 (6.50b) 

For the term where the kernel (|6.19p is used in the second observable, one obtains, in 
the same way, 

24(2^) 2 e 2 J d A k f^(-k)h\{k)k^k x A + {k) j d 4 l AW(f)A A (A; - I) sin 2 (6.50c) 
24(2^) 2 e 2 J d 4 k />"(-fc)/ t ^(ifc)^ifc A A. R (fc) J d A l A + (l)A+{k - I) sin 2 *f*. (6.50d) 
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The terms (|6.50b|) and (|6.50dp are finite contributions to the continuous spectrum. The 
loop integrals in (I6.50ap and (I6.50cp were already computed in the previous section. 
Thus, after a field strength renormalization for the planar part, one obtains 

12e 2 J d A k /^(-tyh^fykpkxA+ik) m^-(ka) 2 (6.51) 

for the sum of (|6.50ap and (|6.50c[) . Here (j, is a mass scale that depends on the renor- 
malization condition. 

It remains to discuss the terms involving the kernel (|6.20p . Using it in the observable 
with f^ u , we obtain 



4(27r) 2 e 2 | d 4 fc r(-k)h^(k)k x J d 8 kS(k-J2kif-^ 



k\oki 

^— sin^ 

k2 2 



x {(ka)^k 2 „6Z 2 + (ka)^k 1 ^ 1 }[g lllll2 (k 1 - k 2 ) p - g„ ip (k + h)„ 2 + g„ 2P (k 2 + k)^} 
x { (& R (ki)A+(-h2) + A + (k 1 )A R (k 2 )) A + (k) + A+(A;i)A + (fc 2 )A A (fc)} . 

For the two terms in curly brackets, we find, respectively, 

sin 2 kal 



-8(2vr)V J d*k r{-k)h x ?(k)k p k x k + {k) J dH A^(l)A R (k - l)—^- (6.52a) 

x {2{ka) p l v - (ka)J p + ^g vp } , 

f r sin 2 — 

-8(2vr) 2 e 2 J d 4 k f^(-k)h x P(k)k p k x A A (k) J d A l A+(l)A+(k - (6.52b) 

x {2{ka) p l v - {ka) v l p + ™g vp } ■ 
For the contribution where the kernel (|6.20p is used in the second observable, we obtain 

-8(27r) 2 e 2 J d A k f^{-k)h xp {k)kpk x A + {k) J d 4 Z A^(l)A A (k - l ^lj (6.52c) 

x {2(ka)J p - {ka) p l u + *fg vp \ , 

C r s i n 2 bzi. 

-8(2^) 2 e 2 / d A k p v {-k)h x P{k)k^k x A R {k) J dH A+(l)A+(k - l)—^- (6.52d) 

x {2(ka)Jp-{ka)pl v + ^g V p}. 

The loop integrals in (|6.52b[) and (|6.52dp are well-defined and contribute to the contin- 
uous spectrum. The third term in curly brackets in (I6.52a|) . respectively (I6.52cp . gives 
rise to a term proportional to (|6.50ap . respectively (|6.50c|) . For the sum of these, one 
obtains, cf. (|6.5ip . 

-4e 2 y d 4 k f^(-k)h\{k)kpk x A + {k)\n^-(ka) 2 . (6.53) 
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The first two terms in curly brackets in (|6.52ap and (|6.52cf) . are quite unusual, however. 
Because of the twisting factor in the denominator, it is not possible to split this con- 
tribution into a planar and a nonplanar part. Even worse, there is no obvious way to 
define this integral rigorously. But we want to compute it at least formally. The integral 
over I formally yields an expression of the form TL up (k, a). If it is well-defined it should 
transform properly under Lorentz transformations, i.e., 

U vp (k,a) = A-^A-^Xvt^ A~^A~ lT )- 

We consider a timelike k (and later discuss the limit k° — > |k|). With the above formula 
it suffices to compute U up for k = (ko,0), ko > and arbitrary a. For this k 



I 



dH&W(jL)A R (k-l)^^-h, (6.54) 

2 



vanishes for v = 0, because the integrand is antisymmetric under space reflection. The 
same is true for v = i if ej is perpendicular to ka (now the integrand is antisymmetric 
under reflection in the direction ka). It follows that (|6.54p is of the form (ka) u x(k). We 
want to compute the function \ formally. If e v is parallel to and in the same direction 
as ka, we obtain 

\-3 / j3i l f S111 2 



(2tt)- 3 J d 3 l 



|1| (jfcg -4|l| 2 + ie 



2 , ka-l 

2 



V f sm — 



-< 2 ^7„ d ' wr^> L ixlx ^sd 

-2(2vr)- 2 f°° I ( wxl\kg\ 



dl 



\ ka \ J kl -4l 2 + ie \ I \ ka \ 
Here ka_ is the spatial part of ka. Thus, we have 



2(2^)- 2 f°° I ( smly^{k 



a 



|2 



The integral is again the formal expression for the difference of the planar and the 
nonplanar part of the fish graph in the massless (J) 3 model, cf. Sections 15.41 and 16.8.21 
Thus, the sum of the first two terms in curly brackets in (I6.52ap is formally given by 

8(2vr) 2 J d 4 k f^(-k)h x P(k)k^k x A+(k) ^^ (E pl (k) - E np (k)) , (6.56) 

where S p ; and S np are the planar and nonplanar part of the self-energy of the massless 4> 3 
model at second order, i.e., they are given by (|5.34p and (|5.41al b). respectively. We recall 
that Ti p i{k) is logarithmically divergent. Thus, we have found a divergent quantity that 
is multiplied with the nonlocal expression {ka)~ 2 . It seems as if a nonlocal counterterm 
is unavoidable. 
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We recall from Section 16.8,21 that in the difference between the planar and the non- 
planar part in (16.56)) the imaginary part cancels for k 2 — > 0. Thus, the sign of the 
ie-prescription in (|6.55p is not relevant. It follows that for the sum of the first two terms 
in curly brackets in (j6.52cf) . one also obtains (I6.56p . 

6.9.3. Second order 

From the contribution (|6.27[) to the elementary two-point function and the zeroth order 
kernel (|6. 18j) . we obtain 

8e 2 J d 4 k r{-k)h x p(k)k^k x e{k Q )e{k 2 ) {ff (s (fc) + Ei(*o) + ( t4ffl s 2 (fc)| . 

This is a well-defined contribution to the continuous spectrum. From the term (|6.40p 
we obtain 

- ye 2 J d 4 k f^(-k)h\(k)k^k x A + (k) In ^^{k^y. (6.57) 
Finally, the term (I6,38|) yields 

- 4e 2 J d'k r(-k)h^(k) (8^A + (fc) - ^A+(*)) fe^A (fcg ff P - ( 6 - 58 ) 

Once more, we remark that the distribution Q^A + (k) is only well-defined on test 
functions vanishing in a neighborhood of the origin. 

Whether the products of distribution in (|6.57l) and (16.581) are well-defined will be 
discussed in the next section. 

6.9.4. Summary 

Let us summarize the results of this section. Apart from the contributions (I6.44p . (16,451) . 
dEMD , KB3ZD, (|6.50bl) . (I6.50dl) . (|6.52bp and (I6.52dp to the continuous part of the spec- 
trum, we found the following terms: 

• The term (|6.49p came from the contraction of the two photons coming in through 
the covariant coordinates. It is a nonlocal divergence whose subtraction can be 
interpreted as a normal ordering of the covariant coordinates. 

• The terms (I6.5ip . (16.530 and (I6.57P are a momentum-dependent field strength 
renormalization. They sum up to 

- U 2 J d 4 k f^{-k)h\(k)k^k x A + (k) In fi^ko) 2 . (6.59) 

As we will show in the next section, this expression is well-defined. 

• The term (|6.56p was obtained formally from (|6.52a|) and (|6.52c|) . These were the 
contributions where one power of e came from the covariant coordinate and one 
from the interacting field. It is a nonlocal expression multiplied with a divergent 
quantity. 
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• The first term in (|6,58p , which arose from the contribution £2 to the self-energy, is 
formally a momentum-dependent mass renormalization. As such it was treated in 
the literature, cf. [97j . In the next section we will show that this expression is not 
well-defined even for test functions / and h vanishing in a neighborhood of the ori- 
gin. Giving some meaning to this expression introduces nonlocal renormalization 
ambiguities. 

6.10. Products of distributions and nonlocal renormalization 
ambiguities 

In the preceding section, in (|6.59p and (|6.58|) . we encountered products of distribu- 
tions like 9(ko)5(k 2 ) ln(— (kcr) 2 ) or 9(ko)5' (k 2 ) n^?yi ■ Here, we want to discuss the well- 
definedness of such expressions. We focus on products of the form 

9(k )5(k 2 )K(-(ka) 2 ), (6.60) 

where K(x) might be, e.g., lnx or i.e., a smooth function apart from a singularity 
at x = 0. Products where 5(k 2 ) is replaced by 5'(k 2 ) can be discussed analogously. 
Since the tip of the light cone, i.e., the origin k = might pose additional problems, 
we (momentarily) exclude it from the following considerations by restricting to test 
functions that vanish in a neighborhood of the origin. 

We start by noticing that, as such, the product (|6.6U|) is not well-defined: The wave 
front set [80j of 9(ko)5(k 2 ), excluding the origin, is 

{(k, Pk )\k 2 = 0, k > 0, Pk = Xk, A G E \ {0}} . 

Note that the sign of A is not restricted. The wave front set of K(—(ka) 2 ) is contained 
in (once more we excluded the origin) 

{{k, Pk )\{kaf = 0, k + 0,p k = Xk, A G E \ {0}} . 

This might be further restricted by A ^ 0, depending on some ie-prescription. For 
convenience, we restrict our considerations to the case a = do, cf. (|2.ip . Using Lorentz 
invariance, the result then applies to all a £ S. Now for k = (k, 0, ±k, 0), k > 0, we have 
k 2 = 0, fco > and (kao) 2 = 0. Thus, there is an overlap 

N = {k£ M 4 |/ci = k 3 = 0} 

of the singular supports. Furthermore, the cotangent components of the wave front sets 
at some fixed k £ N can always add up to zero, even if there is a restriction on the sign 
of A in the wave front set of K(—(ka) 2 ). The reason is that there is no such restriction 
in the wave front set of 9(ko)5(k 2 ). Hence the product is not well-defined in the sense 
of Hormander [80] . 

However, we may take the following point of view. The product (I6.60|) is well-defined 
on test functions / that vanish in a neighborhood of N. Explicitly, we find 

/rl 3 k 
^i^(2A^|k ± | 2 )/(|k|,k), 
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where = (hi, 0, k%). Since / vanishes in a neighborhood of the origin, we may define 
the test function /(k) = fHcf/d^l >K) an d write the above as 

J d 3 k^(2A^ c |k ± | 2 )/». 

We may now ask for the possibility to extend the distribution K(2A^ C |kj_| 2 ) to 

N = {k G M 3 | |k ± | = 0, \k 2 \ > 0}. 

The possibility to do this is governed by its scaling degree at N [27J. Since K is only 
singular at the origin, and the wave front set of K(2\f lc |kj_| 2 ) is orthogonal to the 
normal bundle of N, the scaling degree can be computed simply by scaling kj_. In the 
case K(x) = lnx, we obtain 0, while in the case K{x) = 1/x, we get 2. Since the 
codimension of TV" in R 3 is 2, the extension is unique in the first case, but nonunique in 
the second \27\ Thm. 6.9]. Thus, in the second case, a nonlocal counterterm is needed. 
Finally, after extending the distribution to N, we can further extend it to the origin. This 
extension is still unique in the case K(x) = lnx, corresponding to (16.590 and nonunique 
in the case K{x) = 1/x, which corresponds to the second term in (|6,58p . It is easy to 
see that the problems become even worse when the product 9(ko)5' (k 2 ) n^px that occurs 
in the first term in (|6.58|) is considered. 

We have thus shown that (|6.59|) is well-defined, while the extension of the product 
of distributions in (16.581) has nonlocal ambiguities, i.e., a continuum of renormalization 
conditions. Note that it does not help to assume only space/space noncommutativity. 
Then (ka) 2 = — A^ c |kjj 2 , where k^ is the projection of k on the plane spanned by the 
noncommuting directions. It follows that ^fc^pr^ is proportional to 1 2 for \i and v 
in the noncommuting directions. This is still too singular. 
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The upshot of the preceding chapter was that NCQED is plagued by numerous nonlocal 
divergences and can thus at best be considered as an effective theory. It is a natural 
question whether a supersymmetric version of the theory behaves better. This is the 
subject of the present chapter. 

It has been noticed in [97] that the problematic term (|6.2bp disappears in a super- 
symmetric version of the theory, at least in the setting of the modified Feynman rulea3- 
Because of our experience with the Wess-Zumino model, it is reasonable to hope that 
this is also true in the Yang-Feldman formalism. 

A simple way to introduce supersymmetry is to add a Weyl fermion A, the photino, 
and an auxiliary field D. Both fields transform in the adjoint representation. Then one 
can postulate the action 

J d\ (--^ U F^ + f\^D^X + 2D 2 ^j (7.1) 

and work out the consequences. For the elementary two-point function at second order 
in e there would be one extra term, the photino loop. We will show in Section [7.3.11 that 
this loop cancels the S2-term (|6.2b[) also in the Yang-Feldman formalism. But obviously, 
the problems with the terms stemming from the covariant coordinates remain. However, 
we notice that while the observable J d 4 q Pf 11 (X)F flv is gauge invariant, it is not invariant 
under the supersymmetry transformational 

S^A" = i^X + if^A, 



5 i D = -(^D^X-^D fl X). 



Here £ is an infinitesimal anticommuting parameter. For our conventions on Weyl spinors 
and supersymmetry, see Appendix lA.31 In order to construct observables that are invari- 
ant under supersymmetry transformations, it is advantageous to work in the superfield 
formalism. Thus, we embed our fields in the vector multiplet V by defining 

v = -Oa^eA^ + id 2 ex - io 2 ex + e 2 e 2 D. 



1 However, this seems to break down if supersymmetry is broken in such a way that M 2 , the supertrace 
over the squared masses, does not vanish |30l 13], One then obtains T,2((ka) 2 , k 2 ) oc (ka) 2 M 2 . This 
gives rise to a product 9(ko)5' (k 2 ) , which also has nonlocal ambiguities. 

2 Note that this transformation is nonlinear. This is due to the fact that we implicitly adopted the 
Wess-Zumino gauge. 



101 



7. Supersymmetric NCQED 

Because of the anticommutativity of the O's, we have V s = 0. An infinitesimal gauge 
transformation can now be written as 

5 A V = ^- e (A-A)- l -[V,A + A], (7.2) 

where A is a chiral field given by 

A(q,e,9) = e- w ^ X (q)- 

Here x 1S t ne usual infinitesimal gauge parameter. Because of the rather complicated 
form of the gauge transformation (|7.2|) . it is advantageous to introduce yet another 
super field, namely 

W a = -J-D 2 (e- 2eV D a e 2eV ) = -]-D 2 (D a V - e[V,D a V}). 
4e 2 

It transforms in the adjoint representation, i.e., as 

5 A W a = i[A,W a }. (7.3) 

Because of the anticommutativity of the D a, s, W a is chiral. In component form, it is 
given by 

W a = -2i\ a + 2ia^j6 p F^ + W a D - 26 2 a^D ^ + O(0). (7.4) 
The action (|7.ip can now be expressed as 

S = — [ d 6 q W a W a + h.c. 
16 J 

Properly, one should also embed the ghosts into (chiral) supermultiplets. However, their 
superpartners will not contribute to the two-point function at second order, in which 
we are mainly interested. 

7.1. The Yang-Feldman procedure 

From the action (|7.ip . we obtain the following equations of motion for the photino: 

a^d^X - iea^lAft, A] = 0, a^d^X - iea^A^ X] = 0. 
Thus, the first order contribution to the interacting field is 

Ai = S R x ^[A^o, A ], Ai = S R x a^A^, A Q ]. 
Here we used the notation 

Sr = ia u d u A R , S R = ia u d u A R . 
In the same manner as in the preceding chapter, we obtain the vertex factors 
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2 ak 3 

Y 



fxk 2 



ak 3 



aki ak\ 

The photino propagators are given by 

ak^^OL = (2Tr) 2 a^k fJi A + (k) = a k^->^>a 



ak - 



-a = (27r) 2 a^k p A R (k) = ak - 



-a 



The introduction of the photino changes the equation of motion (|6.5p for To the 
right hand side we have to add 

<ai^^}- (7-5) 



This leads to the vertex factors 
ak 2 ak 3 



ak?, 



ak 2 



-iea^sm^5(k 1 + k 2 + k 3 ) 



Hik 



Remark 7.1.1. We recall from the previous chapter that the old product (|6.8p of quan- 
tum fields led to a divergent vacuum expectation value of A\, which was one of the 
reasons for the introduction of the symmetrized product. We note that the extra term 
(|7.5|) would cancel this divergence. But since the product (|6.8|) also had other (concep- 
tual) problems, we will still use the symmetrized product in the following. 



The above vertices and propagators lead to the elementary three-point functions 



WaaM =2ie{2^)\a p a p a x ) a6l k\k p 2 sin ^-S^ h 



(7.6a) 



A R (h)A + (-k 2 ) + A + (h)A R (k 2 ) A+(-k 3 ) + A + (h)A + (k 2 )A R (k 3 ) , 



W a6tp (k) =2ie{2^)\a x a p a p ) adc k\k p 2 sin ^M(^ h 
x ([Afl(fei)A + (-fc 2 ) + A + (h)A R (k 2 )] A_ 
W^a(k) =2ie(2Tr)\a p a p a x ) a ^k p S m!^5(Y,k l 



(7.6b) 

-k 3 ) + A+^A+^A^)) , 

(7.6c) 



& R (ki)A+(-k2) + A + (fci)A fl (A&)J A + (-k 3 ) + A+fojA+^Aflfo)} , 
W^aik) =2ie(2n)\a x a p a p ) adt k^k p 3 sm!^5(Y J h) (7.6d) 
'A R (ki)A+(-k 2 ) + A + (ki)A R (k 2 )] A+(-k 3 ) + A + (h)A + (k 2 )A R (k 3 )) . 
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We also have the elementary four-point functions 

Wa a ^(k) ^rfg^a^hxA+ik^k+ihWh + k 2 )5(k 3 + ha), (7.7) 
W aa^(k) =(2vr) 4 (a^k^kapA+WKiWh + k 2 )8(k 3 + h) (7.8) 
+a^k lx a p pA k 2p A + (k 1 )A + (k 2 )5(k 1 + k A )5{k 2 + fcg)) . 

7.2. Covariant Coordinates 

We want to construct observables for the field strength that are not only invariant under 
gauge, but also under super symmetry transformations. The easiest way to achieve the 
latter is to express 

in superfield form. Using the component form (|7.4f) of W a , one can show that with 

U = -^ a %f llv , ( 7 - 9 ) 

one obtains 

J d 4 q r{q)F^ v = J d 6 q f a (q)W a + h.c. 

It remains to find the appropriate covariant coordinates. For this, we do not proceed 
analogously to Chapter [Hand start with connections on projective modules over noncom- 
mutative superspace. The reason is that the path from general connections in superspace 
to gauge theories as we know them is rather involved, already in the commutative case 
(see, e.g., [123, Chapter 10]). Thus, we will take the simpler approach to directly look for 
X^'s that transform covariantly, as (|7.3p . On the basis of our experience from Chapter 01 
it will not be hard to guess the right object. We make the ansatz 

In order for X^ to transform covariantly, Y v must transform as 

6 A Y v = ~d,,A + i[A,Y v ]. (7.10) 

We also know that Y v should involve the vector potential A v . It is then not so difficult 
to guess 

Y v = ^TDa [e- 2eV D a e 2eV ) = ^ a D & (D a V - e[V,D a V}). 
As can be shown straightforwardly, this transforms under 5\ to 
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Using (|A.7p and (|A.4|) . we exactly recover (|7.10p . In components, we have 

Y v = A v — iQcjyX + iXayO + higher orders in 9, 9. (7-11) 

Thus, the body of Y v is just A u , as one would expect. Note that Y v is, as W a , not real. 
But this does not make the definition of f a (X) problematic, since one simply Taylor 
expands in 9, 9, similarly to the use of chiral coordinates. Since A v is real, the coefficient 
at each order of 9, 9 can be defined a la Weyl. 

Therefore, instead of J d 4 q f /J/I/ (X)Fuv, we consider the observable 

J d e q f a (X)W a + h.c, (7.12) 

with f a given by (|7.9|) . i.e., containing only a ^-component. But, as we saw in (|7.1ip . 
Y v also has a ^-component, —i9a u X. It follows that f a (X) has a # 2 -component that 
involves A. This, together with the body of W a , also contributes to (|7.12p . As can be 
seen from (17.41) . the body of W a is —2i\ a . Thus, the observable (I7.12|) also contains a 
component with a product of A and A. We compute it explicitly for f a given by (|7.9p . 
to first order in e: 

-(2vr)- 2 | d*k (-^an£UA-k)(ieka) x( T^ 

x J & & q9pe ikq 9~ i {-i)Pi{k<jd)\«{-2i)\ a + h.c. 

This can be brought to the form 

- |(2vr)- 2 j d A k P v (-k)(ka) x (a^a x f a J d 4 g e ik <* Pi(kad)\a\ a + kc. (7.13) 

Because of (|A.6p . we have 

o^vOX = \ (-9n\5v + gu\Vfi - i^vXK^) ■ (7.14) 

When we add the hermitean conjugate in (I7.13p . the first two terms in (I7.14|) drop out 
(this is due to the presence of (ka) x , which changes sign under conjugation). Employing 
the symmetrized product of f a (X) and W a , we obtain the supplementary first order 
kernels 

?' sin hahl 

K™(k; h, fc 2 ) =-{2ir)- 2 5(k - k x - k 2 ){ka) x e^ XK (<j K ) aa ^^, (7.15a) 

2 

i sin kakl 

K^{k- h, k 2 ) = - -(27r)- 2 6(k -h- k 2 )(ka)\ uXK (a K f a ^^. (7.15b) 

2 

Each further A coming in through the covariant coordinate would bring in another 9, 
so there are no terms with more than two photinos. However, the covariant coordinate 
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can provide for arbitrary powers of A p . We find, in a calculation similar to the one that 
led to (16.221) . the second order kernels 



Kp a (k;k) = i (2 7 r)- 4 5(A ; -^^)(fca)"(b) A VA)! (a K r e -5^+' ! ^ ( 7 .16a) 
x (p 2 {-ikok l ,-ikak 2 )e-^ kl ' Tk2 + P 2 (-ikak 2 , -ikak 1 )e^ hiak A , 

K p ^(k;k) = - l -(2^yH{k - Y, fc i )(A;a)^A ;f T) A 6^ AK (a K ) ciQ e-5( fc 1 + fc 3)^ ( 7 .16b) 
x ^P 2 (-ikak 1 ,-ikak 3 )e-^ kl ' 7k3 + P 2 {-ikak 3 , -ikak^e^ 1 ^ . 

7.3. The two-point function 

Now we want to compute the new contributions to the full two-point function (|6.16p 
at second order. Our hope is that these cancel the nonlocal divergences found in the 
previous chapter. That the problematic term T, 2 in the the self-energy is cancelled 
by the photino loop was shown in [97] in the setting of the modified Feynman rules. 
We prove that this is the case in the Yang-Feldman formalism, too. We also show 
that the contributions coming from the first order kernels (|7.15al b) cancel the nonlocal 
divergence (16.561) . However, the term (I6.49|) . which arose from the contraction of two 
photons coming in through the covariant coordinate, remains. 

7.3.1. The self-energy 

We have to compute the graphs 







These have to be counted twice in order to account for the graphs where the photon 
leaves the second vertex to the other side. With this factor, we obtain, respectively, 

-2(2Tr) 2 e 2 A R (k)A^k)ti(a x a p a p a u ) J d 4 l A R (k - l)A+(l)(k - l) x l p sin 2 ^ 

-2(2Tr) 2 e 2 A R (k)A» (k)ti(a p a p a x a l/ ) J d 4 / A R (k - l)A+(l)(k - l) x l p sin 2 ^p, 

-2(2n) 2 e 2 A R (k)A»(k)tT(a x a^ p a„) J d 4 / A R (k - l)A + (—l)(k - l) x l p sin 2 ^p, 

- 2(2Tr) 2 e 2 A R (k)A u (k)ti(a p a p a x a u ) J d 4 / A R (k - Z)A+(-Z)(fc - l) x l p sin 2 k f. 

Thus, the photino contribution to the self-energy is 

iTftvik, I) = — (fc - l) x l p {tr(CTAO- /i o-pCJ i ,) + tr(a p a^ax(Tv)} ■ 
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7.3. The two-point function 

Because of (|A.4|) and (|A.5|) . we have 

tv(a K a x a^a u ) = 2 (-g K ^g Xv + g x »g KU + g KX g» u + ie KXfl A . (7.17) 
In the sum above the imaginary parts cancel each other, and we obtain 
ir^ik, I) = Ag^k ■ I - 4(fc - l)^l v - 4(ft - Z) M Z y . 

This cancels the term t[6.29b|> . Therefore we have shown that the term S2, which requires 
nonlocal counterterms, vanishes upon introducing supersymmetry, also in the Yang- 
Feldman formalism. The final expression for the self-energy is thus 



IV(fc) = -(2Tr)- 2 e 2 ( giMU k 2 - k^K) (lnfiv^(k^+0(k 2 (ka) 2 )) . (7.18) 
Its contribution to the full two-point function f|6. 16|) is 

- 4e 2 J d 4 k f»%-k)h\{k)k^k x A + {k)\n^^(kof. (7.19) 



7.3.2. The two-particle spectrum 

We have to compute the graph 




and quadruple the result, in order to account for the different possible directions of the 
arrows at the vertices. We obtain 

Ae 2 (27r) 4 5(k + p)A R (k)A A (k) J d 4 l A + (l)A + (k - I) sin 2 ^ tv(a\a^a p a u )(k - l)\l p . 
Using (|7.17p . this reduces to 

Ae 2 (2Tr) 4 5(k + p)A R (k)A A (k) J d 4 l A + (l)A + (k - I) sin 2 *f 

x {-g^uk 2 + 2{k - jy„ + 2l„(k - l) v ) . 
Adding this to the contribution (|6.25p . we obtain 

Ae 2 {2^5{k+p)A R {k)A A {k){ gilv k 2 - k^k u ) j d 4 l A + {l)A + {k - I) sin 2 

As the self-energy (|7.18|) . this has now the usual tensor structure. In the full two-point 
function, it leads to the following contribution to the continuous spectrum: 

16e 2 J d 4 k f^{-k)h x v (k)k,Js\^ J d 4 l A + (Z)A+(fe - I) sin 2 *f*. 
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7.3.3. First order 

Using the first order kernel (|7.15ap in the observable involving f^ v , the free kernel (|6.18p 
in the second observable, and the elementary three-point function (|7.6a|> . we obtain 



i(2Tr) 2 e 2 J d 4 k f pv (-k)h xp (k)k x J d 8 fc 5(k - h) 

sin fccrfc i 

x {k<r) x e^ XK tr (ai:a p a T a K ) k\k\ kak \ sin 

2 

x { (Anik^A+i-kz) + A+CfcijAflCfe)) A+(fe) + A + (fc 1 )A + (fc 2 )A A (fc)} 



For the term where the kernel (17.15b|) (in the first observable) and the elementary three- 
point function (|7.6b|) are used, one obtains nearly the same result, but with the opposite 
sign and £ and r interchanged in the traces. Using (|7.17l) . 

e^g^e^' = {-g^g» p g XT + g^g Xp g UT - g XK g pp g VT ) - /x <-> i/, (7.20) 

and the antisymmetry of /^", we get, for the two terms in curly brackets 

/r s in 2 — 

d"k r(-k)h Xp (k)k^kxA+(k) J d 4 / A( 1 )(/)A i? (A; - O-^ 3 - (7.21a) 

x {{ka)pl v + kalg up } , 

/" r sin 2 — 

8(2vr) 2 e 2 y d 4 fc r(-k)h Xp (k)k^k x A A (k) J d 4 / A + (Z)A+(A: - Q-^ 2 - (7.21b) 

x {(ka) p l v + kalg up } , 

respectively. For the terms where (|7.15a| b) are used in the second observable and com- 
bined with the elementary two-point functions (|7.6cl d). we find, in the same way, 



/r s in 2 kzl 

d 4 k r{-k)h xp {k)kpk x K + (k) J d 4 / A^(l)A A (k - l)—^- (7.21c) 

x {(ka)Jp + kalg up } , 

/{■ sin 2 — 

d A k r{-k)h Xp (k)kpk x A R (k) j dH A+(l)A + (k - l)—^- (7.21d) 

x {(ka)Jp + kalg up } , 
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Adding up all the first order contributions, i.e., (|6.50p . (|6.52p . and (|7.2ip . we get, ignoring 
the prefactor 8(27r) 2 e 2 for a moment, 

d A k f^(-k)h x f(k)k p k x A + (k) / dH A^(l)A R (k - l)—^{(ka)J p - (ka) p l u } 

J 2 

(7.22a) 



sin 2 kal 



d i k f^i-k^i^kxAAik) I d 4 / A+(l)A+(k - l)—^-{{ka) v l p - {ka) p l u } 

2 



(7.22b) 

/r s ; n 2 hsl 

d A k r{-k)h x »{k)k p k x A + (k) J d 4 / A^{l)A A {k - l)^-^{{ka) p l u - (ka)J p } 



(7.22c) 



d 4 k r{-k)h x P(k)k p k x A R {k) / dH A + (l)A + (k - l) S -^-^{(ka) p l u - (ka)J p }, 

2 



(7.22d) 



respectively. The sum of (|7.22ap and ()7.22cp is 

J d A k f^{-k)h xp {k)k p k x A + {k) J d A l A {l \l)A{k 

The integrand of the loop integral vanishes: k, I and k — I are forced to lie on the light 
cone, which is only possible if they are parallel, but then kal = 0. The terms (]7.22bp 
and (|7.22dp cancel for similar reasons. We have thus shown that the contributions to 
the full two-point function, that involve one kernel of first order, cancel each other. In 
particular, the nonlocal divergence (|6.56p does not appear. 



0- 



sin 



2 kcrl 



kal 
2 



-{(ka)J p - (ka) p l u }. 



7.3.4. Zeroth order 



We start with the case where both observables involve a first order kernel. The combi- 
nations of a kernel K p l >J '' 2 {k\ fci, fo) with the kernel K^(k; k±, /C2) all vanish. The reason 
is that the only possible contraction is the one among the fields belonging to the same 
observable. Such contractions vanish because of (I6.15p . The only new contributions of 
this type are thus the four combinations of the two first order kernels (|7.15al b). For 
them, we find 



J d A k r(-k)h x P{k){ka) T {ka) T, e pUTK e XpTlKl tr^V^V) 

x J d 4 / l^(k - l) e A + (l)A + (k - I) 
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Using (|7.17p and (|7.20p . this can be written as 



/r sir, 2 hsi 

d 4 k r u (-k)h x p(k) / &h a + (oa+(*! - o- 

x [g^xg^pk ■ l{ka) 2 - 2g llX k ■ l{ka) v (ka) p + e pUTK e X p T 'K' (ka) T \ka) T ' ' l K (k - Z) K 'j . 

This is a well-defined contribution to the continuous spectrum. 

Using the two second order kernels (|7.16al b) in the observable involving f^ u and the 
elementary four-point function (|7.7p . we find 

X -e 2 J d 4 k f^(-k)h^(k)k x (ka) p (kaYA + (k)e^ TK tiia K a^) J d 4 l / f A+(/) 

x {P 2 (ikal,0)e- ikal + P 2 (0,ikal) - P 2 (-ikal,0)e ikal - P 2 {0, -ikal)} . 

As in Section 16.9.14 the expression in curly brackets vanishes. Thus, the divergent 
contribution (|6.48p is not cancelled. In a sense this had to be expected, since it arose 
from the contraction of the two photons that came in through the covariant coordinate. 
Here, we contract the X a coming from the field strength W a and the Aq, from the covariant 
coordinate. Thus, the two terms have a different structure and it is not surprising that 
they do not cancel. 



' kal yj 



7.4. Acausal effects 

We have seen that in the case of exact supersymmetry there are, apart from the necessary 
normal ordering of the covariant coordinates, no nonlocal divergences, and the modifica- 
tion of the singular part of the two-point function is given by the momentum-dependent 
field strength renormalization (|7.19p . As discussed in Section [5.3.21 this should give rise 
to acausal effects. Here, we want to investigate these in a rather heuristic fashion. 

First, we recall that we need to know the self-energy IL^fe) also for spacelike momenta 
k. As discussed in Remark 16. 8. 2} these could up to now only be treated formally for 
(ka) 2 > 0. There, however, we recovered exactly the same expression as for k timelike. 
We will thus simply assume that the nonplanar part of the self-energy is given, for all 
k 2 < 0, (ka) 2 ^ 0, by (|6.42p . As in Section [5.3.21 we can consider the effect of a source 
j u for yl^H At second order in e and first order in j, we find, as effect of this source, the 
following vacuum expectation value of A p (k): 

(2ir) 2 A R (k) [g pu - e 2 (g pu k 2 - k p k v ) (in fi\/^(kaf + 0{k 2 {ka) 2 )) A R (k)} f{k). 

3 As discussed in Section T4.4.2I such a source term is not gauge invariant. Properly, one should couple 
the field strength to a function of the covariant coordinates. But since the corrections are of order e 
and our discussion is heuristic, we ignore them. 
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The part proportional to knk v is cancelled if one calculates the field strength^, so we 
discard it. The above then reduces to 

{2vfk R {k) {l + e 2 (27r)- 2 hW-(M 2 + e 2 0(k 2 {ka) 2 )]j ll {k). 

We also discard the terms of 0(k 2 (ka) 2 ), since they are not propagated (the factor k 2 
cancels the retarded propagator). Thus, it remains to compute the Fourier transform of 
In fiy/—(ka) 2 . 

We begin by noticing that n and the noncommutativity scale are irrelevant. They can 
be pulled out of the logarithm and can be absorbed in a local field strength renormaliza- 
tion. There is thus no natural scale connected to this effect and one expects a power-law 
decay. It has been shown in [1131 Eq. (7.14)], that 

(2vr)- 2 J d 4 k lnVk^e~ ikx = -2vr5'(x 2 ) + c5{x). 

Here c depends on the extension of 5'(x 2 ) to the origin. It corresponds to a local wave 
function renormalization and is thus irrelevant for our us. Thus, the nonlocal kernel is 
given by 

Here a is a descaled version of a, such that \a\ = 1. Convoluting this with a source /, 
we obtain 

^ J d 4 y f(x-ay)5'(y 2 ). 

We recall from (|5.32p that if y is lightlike, then o§y is spacelike or lightlike. Since E 
is the orbit of <jq under Lorentz transformations, the same is true for all a G S. Now 
assume that / is localized in a region of typical space-time extension Az around the 
origin. We want to determine its effect at x where x = ay for y lightlike. We consider 
x = (0,x) (for these x the effect is strongest), i.e., an action at a distance. We then have 
|x| 2 = 2 1 2/0 1 2 - Furthermore, we assume |x| 3> Az. Thus, using (|5.14p . we can estimate 
the relative strength at x to be of the order 




Here the second term in (15. 141) was the leading one. 

The effect seems to be rather weak, although it might be possible to detect it with 
the present-day advanced techniques in quantum optics, for example. However, we re- 
call that we had to assume unbroken supersymmetry, which is not realistic. As already 
mentioned at the beginning of this chapter in Footnote [TJ in the case of broken super- 
symmetry, one will again need nonlocal counterterms. 



4 Strictly speaking, this is only the case for the part <9 M A„ — d v A^ of the field strength. But the 
commutator part is again of order e. 



Ill 



7. Supersymmetric NCQED 



112 



8. Summary and Outlook 



In this thesis we studied several topics in field theory on the noncommutative Minkowski 
space. The main goal was to compute the distortion of the dispersion relation of the 
photon in the Yang-Feldman formalism, using the concept of covariant coordinates. As 
a preparation, we discussed the formulation of gauge theories on noncommutative spaces 
and studied the example of classical electrodynamics on the noncommutative Minkow- 
ski space in some detail. In particular, we computed the modification of the speed of 
light due to the presence of a background electromagnetic field. It turned out that the 
effect is very small for realistic values of the background field and the noncommuta- 
tivity scale. We also studied the quantization of field theories on the noncommutative 
Minkowski space using the Yang-Feldman formalism. In particular, we discussed the 
adiabatic limit and showed how to compute the distortion of the dispersion relation. 
These tools were then applied to the (j) 3 and the Wess-Zumino model and it was shown 
that the distortion is moderate for parameters that are typically expected for the Higgs 
field. In Chapter [U we combined the knowledge gained on classical electrodynamics on 
the noncommutative Minkowski space and the Yang-Feldman formalism to compute the 
two-point correlation function of the field strength. We not only found the quadratic 
infrared divergence already known from computations using the modified Feynman rules, 
but also new divergences stemming from the covariant coordinates. Unfortunately, they 
did not cancel. We also gave a new interpretation to the quadratic infrared divergences 
by showing that they require nonlocal counterterms. This introduces a lot of ambigu- 
ities and makes it impossible to compute the dispersion relation. Finally, we showed 
that a supersymmetric version of the theory behaves much better. For this, we had to 
adapt the covariant coordinates to noncommutative superspace. Along the way we also 
discussed the twist approach to NCQFT and pointed out some conceptual difficulties. 
Furthermore, we showed that the local super symmetry, respectively BRST, current is 
not conserved in the Wess-Zumino model, respectively NCQED. 
Future research might proceed along the following lines: 

• The computation of the self-energy for spacelike outer momentum (and also the 
adiabatic limit in interacting models) could only be done formally. It would be 
very desirable to overcome this restriction. 

• As mentioned in Remark the conceptual basis of the present approach is not 
very solid, since we use the machinery of quantum field theory, even though it is 
not clear whether the distorted dispersion relations admit the construction of a 
scattering theory. These issues deserve a thorough investigation. 

• In view of the results obtained here, it seems necessary to consider nonlocal coun- 
terterms if one wants to take NCQED serious. This would of course be a major 
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deviation from the standard formalism of quantum field theory. Perhaps this can be 
justified by considering only counterterms that are, in momentum space, functions 
of (fccr) 2 , as proposed in [90]. In the commutative limit, these would be local. One 
could then impose the standard dispersion relations as a kind of renormalization 
condition. At the one-loop level the only remaining effect of the noncommuta- 
tivity would then be the modification of the two-particle spectrum, which is in 
general very small. However, it remains to be investigated whether this can be 
done consistently at higher loop orders. 

• For the fulfillment of the space-time uncertainty relations (jl.lal b). it is not nec- 
essary that the commutators are central. A model where the commutators are no 
longer central has been proposed in [48J. This will modify the Weyl relation and 
might thus weaken the UV/IR-mixing. 

• Another very interesting topic would be the study of field theories on the locally 
noncommutative spaces introduced in [T4]. It is conceivable that the UV/IR- 
mixing is much weaker if the noncommutativity is cut off in the infrared. 

• Recently, it has been proposed to discuss the localization of events in operational 
terms by constructing "coordinates" from quantum fields [60]. Applying this for- 
malism to interacting noncommutative fields, one could investigate whether the 
coordinate commutators are renormalized. 
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A.l. Basics 

We use the metric g^ u = diag(+, —,—,—). Fourier transformation is defined by 

f(k)=(2n)- 2 J d 4 x f(x)e lkx , 
f(k)=(2n)- 2 J d 4 x f(x)e~ lkx . 

The sine and cosine integrals are defined as 

r , smt . f°° , cost /A , 

six = at , cix = — at . (A.l) 

JO t Jx t 

They have the series expansion 



~2fc-l 00 J2k 

X . , V ^ , . h X 



SIX = 

fe=l -/v-- -/- fe=1 



A. 2. Propagators 

The retarded (advanced) propagator A r /a is the unique retarded (advanced) solution 
of 

(□ + m 2 )0 = 5. 

In momentum space, it is given by 

^R/A(k) = (27r) 2 k i-mi±iek 

1 1 ' ' * (A.3) 



(27r) 2 2ujk \ko + Wfc ± ie ko — oJk ± 
The commutator function is given by 

A = A K - A A . 

Its positive frequency part times — i is the free two-point function A+. In momentum 
space it is 

A+(fc) = ^6(k )5(k 2 - m 2 ). 

Z7T 
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In the Yang-Feldman formalism, one often encounters 

AW(x) = A + (x) + A+(-s). 
The Feynman propagator is defined as 

A F (x) = i (8(x )A + (x) + 0(-xo)A+(-x)) . 

A. 3. Spinors and supersymmetry 

We mainly use the conventions of [129] . However, we use another sign for the metric 
and for cr° (and thus also for 7 and 7 s ). We also changed a sign in the definition of D a 
and D a . 

Weyl spinors are anticommuting. Their indices are raised and lowered with the help 
of the totally antisymmetric e-tensor: 

X a = e a/3 XfS, Xa = e af sx P , e 12 = e 2 i = 1, 
X" = e &$ Xp, Xa = e.^, e i2 = e^ = l. 
Products of Weyl spinors are defined as 

Ax = A Q x« = -Kx a = x a K = xK 
Ax = A„x a = -A a Xa = XcX = xA. 
The a-matrices are defined as 

ar = (t,a% a , a» ° a = e^e^a^ = (I -a') 6 ™. 

Here a 1 are the usual Pauli matrices. One also defines 



Using the definition above, one finds 

A^X = AXdX d = ~^^<aXph = -X^X- 
Furthermore, the following identities hold: 



a ad a =9 



» v 8i + 2(0/ > 



tr^d") = 2g> MU , (A.4) 
//(J A = -g» x u u + g vX a^ + g^a x + ie^ XK a K , (A.5) 
a»a u a x = -g^ X a u + g vX a» + g» v o x - ie^ XK a K . (A.6) 

The anticommuting superspace coordinates 6, 9 fulfill 

re p = _l e ap e 2^ M /3 = _l^ 2j a 9/3= l § a d 2^ ^ = 1^2 ^ 

aan/3 _ \ Afi~fi2 E E@ lA^fl 2 E&E Ix^fl 2 EE — 1, 52 
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A.3. Spinors and supersymmetry 



One defines covariant spinor derivates by 

D a = d a - ia^J%, D a = -B a + ie a a^. 

The partial spinor derivatives are given by 

d a e p = 5i, d a 6 p = ep a , d a 0p = 5%, = 

d a 9P = si BJp = e p ., rep = 8%, = 



Thus, 



{D a ,D dt } = 2ia^d IM (A.7) 
d a 6 2 = 29 a , 



d a 6 — —29 a . 



We also define the 7-matrices 



and the chiral projectors 
The 7-matrices fulfill the usual identities 



P± = (A.8) 



{7 M ,7^} 


= 2gT, 


l! 


= -1, 


{7^,75} 


= 0, 


tr7^ 


= 0, 


tr75 


= 0, 


tr(757 M ) 


= 0, 


tr(W) 


= 4<r , 


tr(7^7^7 K 7 A ) 
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A. Conventions 
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B. Proofs 



B.l. Proof of (g^D 

We define 

A = pq; B = epab(e- ikq + e ikq ); C = -iepab( e - ikq - e ikq ); x = pak. 
We have 

[A, B] = ixC; [A, C] = -ixB; [B, C] = 0. 
Now we make the ansatz 

e -i(A+B)t _ e -itA e -iP{xt)tB-iQ(xt)tC 

Differentiating with respect to t, we obtain 

e _i(A +J B)t^ + B) = e -itA Ae -iP(xt)tB-iQ(xt)tC 

+ e - t{A+B)t {xtP'(xt)B + P(xt)B + xtQ'(xt)C + Q(xt)C} . 

We have 

[ A> e -iP(xt)tB-iQ(xt)tC} = e -iP(xt)tB-iQ(xt)tC ( xtp ^ c _ xt Q( xt ) B y 

Thus, we obtain 

A + B = A + C(xtP(xt) + xtQ'(xt) + Q(xt)) - B(xtQ(xt) - xtP'(xt) - P(xt)). 

Since B and C are linearly independent, we find the system of differential equations 

xQ(x) - xP'(x) - P(x) + 1 = 
xP(x) + xQ'(x) + Q(x) = 0. 

It is easy to see that this is solved by 

„ , , sin x „ , . cos x — 1 
P(x) = ; Q(x) = . 

X X 

Furthermore, these have the right boundary values 

P(0) = 1; Q(0) = 0; Q'(0) = ~ 
known from the Baker-Campbell-Hausdorff series. 



119 



B. Proofs 



B.2. Proof of Lemma 14.4.5 

We have 

m 

DC m = J2 ( ? ) C m - l {- ad c ) l D. 
1=0 ^ ' 

Thus, 

oo ^ n— 1 oo 1 71— 1 m / \ 

E^E ^ =E^ E E (7)c—(-ad c )^ 

n=l m=0 n=l m=0 i=0 ^ ' 

oo 1 Ti—1 n— 1 / \ 

n=l Z=0 m=Z V 7 

OO 71—1 , x 

=e^e c-'-H-^ 

n=l i=0 V 7 

C7"-'- 1 (-ad c V 

2.2. (n _ z _ 1}! a + 1)1 

_ - C"f, (-ad c V 

^ n\ ^ (1 + lV. ' 

71=0 « = o v ' 



B.3. Proof of Remark WTA 



The terms involving x+2 \k \+ie and x-2|ki|+7:<: can ^ e treated as sketched in Remark [5.2.2l 
The problematic terms are those proportional to jt^- This singularity is not cancelled 
after the Taylor expansion in x if — E(— A:) does not vanish in a neighborhood of the 
forward light cone. If this difference behaves as /c 4 for k 2 — > 0, we are left, after Taylor 
expansion in 2;, with the expression, cf. (|5.19p . 

/ ^T^rrr d4Wx &(*° - |k„| - *, 1 - - i)f(- k +)h(k+)i 4 -!—. (b.i) 

J / |Ko| ^ |Ki| x + 

For simplicity, we replaced £(&) — £(— fc) by its asymptotic behavior for k 2 — > 0. It is 
straightforward to generalize the following arguments for the case where E(fc) — £(— fc) = 
/c 4 E(fc) with smooth and bounded £'. We have to show that (jB.lj) vanishes in the 
adiabatic limit. Now we assume that g a scales, i.e., g a (k) = a 4 g(ak), where g has 
compact support S C M 4 . Then one obtains 

. f d 3 k d 3 ki 4 . ua + niv „-i^£^-1i.+m4 1 



d 4 Mx #(Z - |ko| k )g(k+ - l)f(-a- l k+)h{a- l k+)l 4 



2|k |2|kl| ' ' --/-V-l V*V -U/-V- "1/- x + ^ 
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B.4. Proof of Lemma \5.4.1\ 



Now we write 

J dH g(l - |k | - x, 1 - k )g(k+ - l)l A 

= J d A l 5(/ + |k 1 |-|ko|-x,l + k 1 -k o )5(-0 {l 2 + 2l-k+) 2 

= f d 4 / g(l + |ki| - |k | - x, 1 + ki - ko)^(-0 (/ 4 + 4/ 2 / • fc+ + 4(1 ■ k+) 2 ) 

=ff(|ki| - |k | - x,ki - k ) + fc^ M ^(|ki| - |k | - x,ki - k ) 
+ k^k'l u g fiu (\k 1 \ - |k | - x,ki - k ). 

Here g, g^ and are test functions with support in the compact set 

S = {k eR 4 \3l G S,k-l G S}. 

Carrying out the integration over x, we obtain smooth bounded functions g, g^ and g^ 
that have support in R x S' , where S' is the spatial projection of S. Thus, we get 

4 /■ d^ko d^ki - j + . ! + 

7 2|ko|2|ki| v o; v iy 

x (f(fc+ - + - k+) + k+»k+% v (k+ - k+)) . 

Reversing the change of variables, this is 

J 2|k | 2|ki| M ' v 1 ; 

x (0( o (fc+ - fc+)) + ak+%(a(kf - k+)) + a 2 k^k?»~g^(a(kt - . 

Keeping ko fixed, the volume a _1 S", over which ki is integrated, scales as a -3 . Thus, 
the three terms scale as a -3 , a~ 2 and o _1 , respectively. It follows that they vanish in 
the adiabatic limit. It is straightforward to see that — £(— fc) ~ & 2 would not be 
enough, since then we would find a term scaling as a . 



B.4. Proof of Lemma 5.4.1 



We only treat the case A + (-)A#(fc — •). The proof for A + (-)A#(& + •) is completely 
analogous. We begin by showing that A + (-)An(k — •) is well-defined as an element of 
D'(R 4 ) for k 2 £ {0,4m 2 }. The wave front sets of the distributions are 

WF(A + ) = {(l,pi)\l 2 = m 2 ,l > 0, Pl = XI, X / 0}, 
WF(A R (k - •)) C {(l,Pi)\(k - I) 2 = m 2 , Pl = \(k - I), X + 0}. 

A theorem due to Hormander [8LH Thm. 8.2.10] now states that the product is well- 
defined as an element of D'(1R 4 ), unless there is an I G M 4 such that (l,pj) G WF(A + ), 
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B. Proofs 



(l,pf) e WF(A R (k - •) and p\ + pf = 0. In the massive case it would follow from 
I 2 = (k — I) 2 = m 2 and XI = k — I that I = ±(k — I) and thus k = or k = 21. But then 
we would have k 2 = or k 2 = Am 2 , respectively, which we excluded. In the massless 
case the conditions I 2 = (k — I) 2 = and XI = k — I would imply k 2 = 0. 

Now we show that the product is even a tempered distribution for k 2 ^ {0,4m 2 }. We 
start by integrating it with a test function / £ T>{ 



J d 4 / A + {l)A R {k-i)f(l). 



This is invariant under a simultaneous orthochronous Lorentz transformation of k and 
/. If k is timelike, we bring it to the form k = (&q, 0). Then the above yields 

J 2u\ k 2 - 2\/k 2 uj\ + i(V k 2 - uj\)e 

Here fj~ is obtained from / by the same Lorentz transformation that brings k to the 
form (&o,0). Since the singularity is met for uj\ = ^Vk 2 , we can drop the prefactor of 
the e. Carrying out the angular integration, we obtain 

J 2w\ k 2 - 2 V k 2 uj t + te 

where fk(l) is the mean of fk{u\,X) over the sphere of radius I. Obviously, this can be 
extended to Schwartz functions and thus also defines a tempered distribution. Further- 
more, the map k \—* A + (-)A R (k — •) is smooth for k 2 ^ {0,4m 2 }. In the case where k is 
spacelike, we choose k = (0,0, 0, ks). We then obtain 

( 27r )-3 f dh f dhdl 2 

This also defines a tempered distribution and for k 2 < the map k t—* A + (-)A^(fc — •) 
is smooth. 



B.5. Proof of Lemma 6.5.1 



We proceed by induction. The case iV = is obvious. The left hand side can be written 

as 



E 



x n °(x + yi) ni . . . (x + y N - 1 ) nN ~ 



(n H Vn N + N)\ f-' 

no,...,rijv=0 i=0 



Z 



E 



no,...,njv_i=0 



x n °(x + yi) ni . . . (x + y N -2) nN - 
(ra + • • • + rajv-i + N)\ 



JljV-l 



5> + yN ^r^- 



k=0 



N — UN-1, 



1=0 



J, 
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B. 6. Proof of Remark 16,5.21 



Here we introduced the new variables njy-i = njy-i + ijv, k = ri]\r. Changing the order 
of summations, we obtain 

A x no (x + yi ) n i ...(x + y N _ 2 ) n "-z 
^ n (n + --- + n7v-i + iV)! 

no,...,njv-i=0 



(tjV — X (t JV — 1 ✓ , \ 

Z=0 k=l ^ ' 

Using Yl=i (?) = O and £f =0 ^B 1 ( n £) = £ ((A + S)^ 1 - A n+1 ) , this can be 
written as 

1 A x no (x + yi ) n i . . . (x + y N -2) nN - 2 



E 



y N - y N -i n0i J^_ i=Q (no + ■ • • + njv-i + N)l 
x ((x + y N ) n ^ +1 -(x + yAT-i) njv - 1+1 ) 

x no (x + yi) ni ...(x + y7V-2) n ^- 



E 



^ " f^-i n ,..^- 1= ("o + • • • + n N -! + AT - 1)! 
x ((x + yjy)^- 1 -(x + y.v.!)^- 1 ) 
„a; 00 ,,"1 „ ?1JV - 2 



E tfl • • • yjy-2 / njv_i _ rijv-i\ 



^-^- 1 » 1 ,..^_i=o(E& 1 ("i + i))i 



=e x E ~ r-y" 1 • ■ • y n N N ■ 

m,...,n N =o (E£i(™i + 1 )) ! 

In the first step, we relabeled n^-i = njv-i + 1- In the second step we employed the 
induction hypothesis and in the last step 

An r>n n—1 
A ~ D _ \^ Akon-l-k 

A-B ^ 

k=0 



B.6. Proof of Remark 16.5.2 

We rewrite (|6.14|) explicitly: 



oo „ N 

jkx = e ikx ^ {ie) N (2ir) 2N / Yl d% e~ iklX e'^kaAih) . . . kaA(k N ) 



-itj^kakj^f 



N=0 " i=l 

dii . . . / dt7v-i / dt N e~ ltlKaKl ...e 
<o Jo Jo 

The claim that this is equivalent to (|6.13|) now means that the second line is identical 

to P]\f(—ikcrki, . . . , —ikak^)- This can be shown by induction. For N = 1, we obtain 

Jo -ikaki ^ (n + 1)! v ; 
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B. Proofs 

For arbitrary N, we find 

dii . . . / dtjv-i / dtTv e"** 1 ^ 1 . . . e -^ fcCTfc iv 
o Jo Jo 

1 ftN-2 1 / v 

^ / ^ e ~it\kuk\ c ~it jv_ifccrA:jv-i / e ~xt N - 1 kak N _ ]_ ) 

o 7o ' -ikak N V / 

= — : — : — (P]\[-i(—ikcrki, . . . , —ikakj^^i — ikakiy) — Pjy-ii—ikcrki, . . . , —ikakN-i)) ■ 
—ikakN 

Thus, we have to show 

Pjv(a?i, ■ ■ .,x N ) = — (P N _i(xi, . . . ,X N -i + Xat) - Pjv_i(xi, . . . jSCjV-l)) • 

XjV 

The right hand side can be written as 

y> x" 1 . . . (xi + . . . x N - 2 ) nN - 2 (xi + • • • + Xjy)^- 1 - (xi + • • • + x N ^) nN -^ 
^ n (n 1 + "- + n N - 1 + N-l)l x N 

ni,...,njv-i=0 



Using 



(A + B) n A n _ \ - ■n-l-mnm/ n 



^^n-l-mgm/ n j = ^ A n ~ 1 ~ ni (A + B) r 



/>' 

m=0 m=0 



this can be written as 



X? 1 . . . (xi + • • • + XTV-l)™^- 1 ^! + • • • + X N ] 



( ni + --- + n N + N)l 
m,...,n N =o 

which is precisely the definition of P/v(xi, ■ ■ ■ , %n)- 



B.7. Proof of (E3DD 



For simplicity, we concentrate on the case H^ u (k) — U fJiU (—k) = k^k p in a neighborhood of 
the light cone. If the difference scales as k^kyk 2 , as in our concrete case, the convergence 
will be even faster. The proof proceeds similarly to that of Remark 15.2.41 given in 
Appendix IB. 31 Instead of (jB.ip . we here have 

d 3 k d 3 ki 



/rPkn rPki 
oil- I oil- i d ldx 9a{h - |k | - x, 1 - k )g a (kt ~ l)F(-k+W (k+)l,l 
Z |Kq| I |Ki| 

Because of the transversality of and h u , we can replace —l^l v by 

(I — feo~)(u(^i — l) u . 



x + te 
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B.8. Proof of {EH 

As in Appendix IB. 31 we assume that g a scales, g a (k) = a A g(ak), with g having compact 
support S. We obtain 



/rrkn d d ki 
2]kf| 2^ d4/dX ^ " Ikol - x, 1 - k )g(kf - 0/^ (-a- 1 k+)h^a~ 1 k+) 

x(l-k+Uk+-l) 

Integrating over I and x as in Appendix IB.31 we obtain 

2 



<7 



d 3 k d 3 k 

^ " k o)M k t - K) + ~9,Akt ~ K)) H-a- X k+)h%a- x ktl 



where g u and g^ u are smooth bounded functions with support in S x S', where S' is 
compact, cf. Appendix IB.31 After a change of variables, this is 

/H 3 k d 3 k 
^ {kt " WMotti - K)) + hu«kt - k+))) n-k+)h»(k+). 

Keeping ko fixed, the volume over which ki is integrated scales as a~ 3 . Thus, the above 
scales as a -1 and vanishes in the adiabatic limit. 



B.8. Proof of (JBT421) 



We want to formally compute the massless nonplanar fish graph loop for spacelike outer 
momentum k. We have to compute 

f d 3 l / -1 -1 \ 

(27F) " 3 J W\ {(k-l + y + ie(k Q -\l\) + (k + l + r + l e(k + \l\)) C ° s(yo 111 " y • 1} - 

For the moment, we keep e > finite. We are interested in the case y = and k = (0, k). 
We get 

(2vr)~ 2 / dl dx — — —k — — — — H — , — — — — cosy ^- 



o 



.! 21 V-|k| 2 + 2|k|/x-ie/ ' -|k| 2 -2|k|/x + ie/ / 
Carrying out the integration over x, we obtain 
1 f°° / 

(2^)- 2 — - / dZ (- ln((2 |k| - ie)l - |k| 2 ) + ln((2 |k| + ie)l + |k| 2 ) 

I I J 

+ ln((2|k| -ie)l + |k| 2 ) -ln((2|k| + ie)l - |k| 2 )) cosy ^ 
We compute this by introducing a cutoff L. We have 



f L J; , / , o , 1 ( .be . be 

I dl ln( a£ + o) cos ct = — — ci — sin h ci 

J c \ a a 



+ aL)c be 
sin — 



a a 



. . . be .be be (b + aL)c s 

+ m(o + aL) sm(cL) + cos — si cos — si ■ 



a a a a 
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B. Proofs 



Using this for the expression above, it is easy to see that the terms involving L 
each other in the limit L — > oo. In the remaining terms, one may take the limit < 
We are then left with 

(2ir)- 2 ( . |k| (ka) . |k| (ka) |k| (ka) .\k\y 
ci — LJ - sin h cos si 



(ka) \k\ V 2 2 2 2 

Setting y = ka and extending it in a Lorentz invariant way, we obtain 

-(2tt)- 2 ( J\k 2 (ka) 2 \ J\k 2 (ka) 2 \ J\k 2 {ka) 2 \ J\k 2 {ka) 2 \ 
1 ci — sm — cos — si — 



^/\{ka) 2 k 2 \ 
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